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On ¢-Euclidean L-Fuzzy Ideals of Rings

Ayten Kog, Erol Balkanay

Abstract

In this paper we define a #-Euclidean level subset and a 6-Euclidean level ideal.

We also give some properties of a -Euclidean level subset.

Key Words: Ideal; Fuzzy ideal; Level subset; 0-Euclidean level ideal; §-Euclidean
L-fuzzy ideal.
1. Introduction

In this paper we define a new set denoted by Ha,, - We call it a #-Euclidean level subset.
Then we will show that for 0 # y € R, the set I, is an ideal of R if u: R — L is an
L-fuzzy ideal of R. We also give a theorem on 6-Euclidean L-fuzzy ideal of R.

2. Preliminaries

Throughout this paper, R denotes a commutative ring with identity. L denotes a
lattice with the least element 0 and the greatest element 1. Unless stated otherwise L is

complete and completely distributive in the sense that it satisfies the following law:
Vdailiey A\/{bjlje gt =\{ainb;licl jeJ}t [3]
for all a;, b; € L.

Definition 2.1 [3]. An L-fuzzy ideal is a function J: R — L satisfying the following

axioms:
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(i) J(x+y) > J(@)AJ(y),

(it) J(—z) = J(),

(iii) J(zy) = J(x) V J(y).

Since we are considering L-fuzzy ideals over a fized lattice L, we shall call them fuzzy

ideals only.

Definition 2.2 [5]. Let p be any fuzzy subset of a set S and let t € [0,1]. The set
e ={xeS | ux) >t} is called a level subset of p.

Proposition 2.3 [2, 3].
(i) A function J: R — L is a fuzzy ideal iff
J(@—y) = J(@) A J(y) and J(zy) = J(x) V J(y).
(i5) If J: R — L is a fuzzy ideal, then
(a) J(0) > J(x) > J(1), for all x € R;
(b) J(x —y) = J(0) implies J(x) = J(y) for all x,y € R;
(c) the level cuts Jo ={x € R | J(x) > a} are ideals of R, for a < J(0). Conversely,

if each Jo is an ideal, then J is a fuzzy ideal.

3. 0-Euclidean L-fuzzy ideal

Definition 3.1 [1]. Let : R — L be a non-constant fuzzy subset of R. A function
w: R — L is called a 0-Fuclidean L-fuzzy ideal if pv satisfies the following axioms:

(i) p(x +y) > p(x) A ply) for allz,y in R,

(it) p(—x) = p(x);

(iii) p(zy) = p(z) vV uly);

(iv) For any x,y € R, with y # 0, there exist elements q,r € R such that x = yq +r
where either r =0 or else u(r) vV 0(r) > u(y) vV 0(y).

Now we will define a new set called a 0-Fuclidean Level subset and examine this set.
Definition 3.2 Let u: R — L and 0: R — L be fuzzy sets. For 0 # y € R, the set
Ho, = {x € R | there exist elements q,r € R such that x = yq + r where either r = 0 or

else u(r) > p(y) V 0(y)} is called a 0-Euclidean level subset of .
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Theorem 3.3 Let yu: R — L be an L-fuzzy ideal of R .Then for 0 #y € R, I, S am
ideal of R. Also p, # {0}.

Proof. Let 21 and zo be elements of Ho, - We have to show that x1 + x2 € Fo, -

Then there exist elements q1,71 € R such that 1 = yq1 + r1 where either r; = 0 or
else p(r1) > p(y)VO(y). And then there exist elements go,r2 € R such that zo = yga +72
where either 7o = 0 or else p(r2) > p(y) VO(y). Hence x1 422 = y(q1 +q2) +71 + 72 and
q1+q2, 1+ 72 € R. Also we know that p(ry +72) > p(r1) Ap(re) since p is an L-fuzzy
ideal of R. If r; # 0 for i = 1 or ¢ = 2, then pu(r;) > p(y) V 0(y). Therefore we can say
that there exist elements g1 + ¢qa2,71 + 72 € R such that @1 + 2 = y(q1 + g2) + 71 + 2
where either r; + 19 =0 or else u(ry +1r2) > p(y) V 0(y). This means that x; + z2 is an
element of p, .

Now, we need to show that ax € Ho, for all x € He,, and a € R. Let a € R and
T E [y, - Then there exist elements ¢, € R such that z = yq 4+ r where either r = 0
or else p(r) > p(y) Vv O(y). Suppose that r # 0. Then p(r) > p(y) vV O(y). Since u is an

L-fuzzy ideal of R, we can write

plar) > p(a) vV p(r) > p(r) > ply) vV 0(y).

Hence there exist elements aq, ar € R such that ax = yaq+ ar where either ar = 0 or else

ular) > p(y) V O0(y). Therefore we get ax € Iy, - This means that p, is an ideal of R.
We can write y = y.14+0 whereg=1,r=0€ R. Then 0 #y € tho, - Thus 11, #{0}. O

Definition 3.4 Let p be any L-fuzzy ideal of a ring R. The ideals I, arE called 6-
Euclidean level ideals of p.

Corollary 3.5 Let u: R — L be an L-fuzzy ideal of R and 0: R — L be a fuzzy set. If
1(1) = p(y) v 0(y) for 0#y € R, then p, = R.
Proof. Ha, is an ideal of R from Theorem 3.3. So to, < R. To obtain R C I, > W
have to show that 1 € Io, - Since R is a ring with identity, we can write 1 = y.0+1 where
r=1and q=0.

There exist elements 0 = ¢,1 = r € R such that 1 = y.0 + 1 where u(r) = u(l) >
n(y) VO(y). So 1€ p, . Since 1 € p, and p, isanideal of R, we obtain that R C p, .
Thus R = Io, - O
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Definition 3.6 Let u: R — L and 0: R — L be fuzzy sets. For 0 # y € R we define Ho.

as follows:

py = {x € R| there erist elements q,r € R such that x = yq + r where
Yy

0(r) > u(y) vV o(y)}.

Theorem 3.7 Suppose that L is a chain and that un: R — L and 6: R — L are fuzzy
sets. Then p: R — L is a 0-Euclidean L-fuzzy ideal of R if and only if p., is an ideal of
R for a < u(0) and R = p, Uu:y for all0 £y € R.

Proof. Suppose first that u: R — L is a 6-Euclidean L-fuzzy ideal of R. Then
pw: R — L is an L-fuzzy ideal of R. Because of Proposition 2.3, i is an ideal of R. Now
it must be shown that R = p, Up; forall0#ye R. Let 0 #y € Rand x € i, Upy .

Then x € R. So o, Up, SR.
Let a € R. Since u: R — L is a 6-Euclidean L-fuzzy ideal of R, for 0 # y,a € R

there exist elements ¢, r € R such that a = yq + r where either »r = 0 or else
p(r) vV o(r) > u(y) v 0(y). If p(r) v 0(r) = u(r), then we get u(r) > u(y) vV 0(y). So
a€p, .

If p(r)vé(r) =0(r), then a € pj; . Soa € to, Upy - Thus R C p, Up; . We obtain

that R = Mo, Upy .
Y Y
Conversely, suppose that p_ is an ideal of R for @ < p(0) and R = tho, U 11y for all
Y Y

0 # y € R. Because of Proposition 2.3, u: R — L is an L-fuzzy ideal.
Let 0 # y,z € R. Since u, Up; =R,z € p, Ups . If o€ p, ,then there exist
Y Y Y Y Y

elements ¢, r € R such that = yg + r where either » = 0 or else u(r) > u(y) vV 8(y). We
can write pu(r)VO(r) > pu(r) > p(y)VO(y). If x € p; , then there exist elements g1, 71 € R

such that & = yqi +11 where 0(r1) > pu(y)VO(y). Also u(ri)Ve(ry) > 60(r1) > u(y) Vo(y).
Finally p: R — L is a §-Euclidean L-fuzzy ideal of R. o

Properties of 1,

(i) Let p: R — L and §: R — L be fuzzy sets. For 0 # y € R,

(a) pia C p,, for all o € L such that o > p(y) vV 0(y)

(b) (y) - Ko, 5
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(c) py, =R (for y =1).

(ii) Let L be a chain, u: R — L be an L-fuzzy ideal, #: R — L be a fuzzy set and
0#y€eR Ifz,yep, Nu, and 0(z) = 0(y), then p, = g, -

Proof.

(a) Let € po. Then 2 € R and p(x) > a. We can write z = y.0 + 2 where
g=0,r=2 € R. Also pu(r) = p(z) > a > u(y) VO(y). Hence x € I, - SO pa S Ky, -

(b) We know that y € I, - SO (y) C kg, -

(c) Let a € R. We can write @ = 1.a + 0 where r = 0,g = a € R. Thus a € p, and
RCp, . Alsop, CR.SoR=yp, .

(ii) Since z € Ha,, there exist elements ¢, r € R such that x = yq + r where either
r =0 orelse u(r) > u(y) Vo(y).

Let t € Hg, - Then there exist elements ¢q1, r1 € R such that t = xq; + 1 where either
r1 =0 or else p(r1) > p(z) V 0(x). We can write

t=(yg+7r)q1 +7r1 =yqq +rq + 11

and qq1 , rq1 +711 € R .
If r =r; =0, then rq; + 71 =0.

If r #0 and 1 = 0, then p(rqr +r1) = p(rqr) > plr) > uly)
Suppose that 7 # 0 and r; # 0. Then p(rqr +r1) > p )
Ifr#0, 71 #0and pu(r) A p(ri) = p(r), then u(rgr +r1) > p(r) = p(y) v 0(y).
If r #0, r1 # 0 and pu(r) A p(r1) = p(r1), then

p(rar+r1) 2 p(re) 2 p(@) vV 0(x) = plyg + ) vV 0(y)

> {nly) A p(r)} v o(y) = p(y) v o0(y).
Finally we can say that there exist elements qq1 , rq1 + r1 € R such that

t = y(gq1) + (rq1 + 1) where either rq; + 71 =0 or else

p(rqr +m1) > p(y) vV 0(y).

This means that p, C p, -

We obtain - in a similiar way. So = . O
Mo, & Ho, y Mo, = Ho,
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