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In this paper, we introduce a new generalized class of analytic functions involving the Mittag-Leffler operator and Bazilevic
functions. We examine inclusion properties, radius problems, and an application of the generalized Bernardi-Libera-Livingston

integral operator for this function class.

1. Introduction

Let & be the family of all functions of the form
fe)=z+) a7, (1)
n=2

which are analytic in the open unit disc D = {z: |z| < 1}.
Denote by & the subfamily of & consisting of functions that
are univalent in D. Let %, &*, and % be the well-known
subclasses of & consisting of functions that are, respectively,
convex, starlike (with respect to the origin), and close-to-
convex in D. The class & consists of analytic functions that
are analytic in D and satisfies the conditions p(0) = 1 and

Zn

Eoc,/j (2) = Z m,

n=0

which was studied by Wiman [7] in 1905. During these last
twenty-five years, interest in Mittag-Leffler type functions
(2) and (3) has significantly increased among engineers and
scientists due to their applications in numerous applied

Rep(z) >0 in D and is also well-known in the theory of
univalent functions. For definitions, properties, and history
of these classes, one may refer to a survey article by the first
author [1, 2]. Recently, Ali et al. [3] and Anand et al. [4]
studied these classes to find various radius problems.

The Mittag-Leffler function E,, defined by

[ n

z
E,(z) = ZO fansy (€CRe@>02€0, ()

was introduced in 1903 by Mittag-Lefiler [5, 6] in connection
with his method of summation of some divergent series. A
general form of this special function (2) given by

(a, 5 € C;Re(a) >0;Re(B) > 05z € C), (3)

problems, such as fluid flow, diffusive transport skin to
diffusion, electric networks, probability, and statistical dis-
tribution theory. For detailed account of various properties
and references related to applications, one may refer to [8, 9].
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Motivated by Sivastava and Tomovski [10], Attiya [11]
studied certain applications of the generalized Mittag-Leffler
operator involving differential subordination.

Corresponding to the function E > Elhaddad et al. [12]
introduced  the  Mittag-Leffler = linear  operator
Erapf: @ — ol given by

i o B (1+nm-DV)"
gh")‘,ﬁf(z)=z+;2 Tt ep)

wherem € Ny =N {0},1>0,a,8 € C,Re(a) >0,Re(f) >0
and when Re(a) =0 and S+0. From (4), the following
recurrence formula can be easily obtained:

Erlf(2) = (1= V& 4 (2) + A=( &)1 f (2)).

where m € N, and A >0. For suitable values of the param-
eters m, a, 5, and A, we may get several linear operators; for
example,

(4)

(5)

(1) For a = 0 and 8 = 1, we get Al-Oboudi operator [13].

(2) Fora =0, =1,and A = 1, we get Sélagean operator
[14].

B, (9, p) ={f ed: Re<

B (p) = B,(0,p) :{f ed: Re(

In view of (7), Singh [17] observed that %, (9,0),
%, (9,0), B5(0) = 8", and %, (0) = P are subclasses of %.
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(3) For m =0 and A = 1, we get the operator

E.p(2) =2l (PE,p(2) =z + Z I'(B) " (e)
n=2

= T(an-1)+p)

Let us denote by & (9, 1, g, p) or briefly denote by %, a
class of functions f € o for which p € 2, g € &, and real
numbers 9, 7 with 9> 0 such that

1/ (9+it)

f(z) = [ (9 + iT)J Zp(t)g(t)st”_ldt , (7)
0

where powers are taken as principal values. Bazilevich [15]
proved that % c 8. In fact, it is known that
FK 8" c€cPBcS. Ford>0andp<1, Ponnusamy and
Karunakaran [16] showed that

zf (2)
AB.(9,p) = o: Rel] —————— N D t. 8
1(5:¢) {fe e(fl“’(z)gﬁ(z)>>pze } ®

For g(z) = z, these authors observed that

of @ (f@)
f(z) z>>>p,Z€D})
zf (2) o (9)
@ )>p,zelD} =S (p),
By (p) = B, (1,p) ={f € d: Re(f (2)) >p,z € D} = Z (p).
2
J du(6) = 2,
’ (12)

For further details, one may refer to [15, 18].

In 1976, Padmanabhan and Parvatham [19] introduced
the class &, (p) of analytic functions p defined in D satis-
tying the properties p(0) =1 and

2m
JO

where z = re%, k>2, and 0<p< 1. . In fact, he proved the
following important result.

Rep(z) - p

o, (10)

‘d@ <km,

Lemma 1 (see [19]). If p € P (p), then

IJ 271 4 (1-2p)ze © (11

p(Z) = E i0 d,“(e))

1-—ze

where u(0) is a function with bounded variation on [0, 27]
such that

2
J \du (8)) < k.
0

From (10), it is observed that p € 9, (p) if and only if
there exists p,, p, € P (p) such that (see [18])

k k
p(z) :<4+;>p1 (2) —(4—;)p2(z), (z € D). (13)

We note that, for p = 0, we obtain the class %, (0) = P,
defined by Pinchuk [20]. For k = 2, we get %, (p) == P (p)
the class of analytic functions with positive real part greater
than p, and for k=2 and p=0, we have the class
P, (0) == P of functions with positive real part.

Motivated by many researchers in [5-7, 10-12, 15,
17, 18, 21], we introduce the following generalized class of
Mittag-Leffler-Bazilevic operator involving the class % (p).



Journal of Mathematics 3
Definition 1. Let k>2, 0<p<1, 9>0, m e N;, 1>0, and
y € C be such that Re(y) > 0. Then, a function f € & given
by (1) is in the class ﬂ;"ayﬁ (k, 9, p) it it satisfies the condition
Gl D\ [ Erapf (D[ Erapf D\
{u—w(iff—)+y = (Lﬁ ) € Py (p). (14)

where z € D.

This new class .%Tof (k, 9, p) involves several subclasses
of the family % of Bazilevic functions defined by (7); see
[15]. For example, %%)1 (2,9,0) = B, (9,0),
M1 (2,0,0) = B5(0), and MYy, (2,1,0) = B, (0) are

subclasses of &B; see [15, 17]. In fact, for different values of

MY (K, 9, p) = A" (K, 9, p)

m, 9, A, &, B,y,k and p, the class %T{’xyﬁ(k, 9,p) reduces to
many important subclasses studied by various researchers.
For instance,

(i) Setting m=0,A=1, =0, and 3 =1, we get (see

:{feszf: (l—y)(f(z

(ii) Settingm =0,A=1,a=0,y=1,=1,and k = 2,
we get (see [15])

ﬂ%ﬂ%&mzﬁﬂam:{fe

(iii) Settingm =0,1=1,a=0,5=1,y=0,9 =1, and
k =2, we get (see [21])

(@

MY (2,1, p) = M (p) :{f €l —€P(p)0sp< 1}.

(17)

In view of the above examples, we conclude that the
notion of generalized class ,/%Z“’zﬁ(k, 9,p) unifies several
known subclasses of /.

In this paper, we study various properties of the class
/%Tay/s (k,9,p). In particular, we investigate inclusion
properties, radius problem, and an application of the gen-
eralized Bernardi-Libera-Livingston integral operator for
this function class.

We list some preliminary lemmas required for proving
our main results.

Lemma 2 (see [22]). Let u = u, +iu, and v = v, +iv,, and
suppose ¥ (u, v) is a complex function satisfying the following
conditions:

(i) ¥ (u,v) is continuous in a domain D c C*

(18])
9 g 9 (15)
). (1) comierc)
s 9
o ZJ{C((ZZ)) <&> e@(p),nga}. (16)
(ii) (1,0) € D and Re¥ (1,0)>0
(iii) Re¥ (iu,,v,) <0, whenever (iu,,v,) € D and

vi< - ((1+ud)/2)

If p(z) = 1+ ¢,z +c,z> + ... is an analytic function in D
such that (p(z), zp’ (2)) € D and Re¥Y (p(2), zp’ (2)) >0 for
z € D, then Rep(z) >0 in D.

Lemma 3 (see [23]). If p is in P, and if { is a complex

number satisfying Re({)>0,({#0, then Re{p(z) + (zp’(z)}

>p (0<p< 1) implies that
Rep(z)>p+(1-p) (24 - 1), (18)

where

1 _
" =I (1+£5©) ‘dr, (19)
0

1, is an increasing function of Re({) and 1/2<1 < 1. This
estimate cannot be improved in general.

2. Inclusion Properties

In this section, we examine some inclusion properties for the
class %T;xyﬁ (k,9,p).



Theorem 1. Let y>0 and f € M, ,(k,9,p). Then,

Lap
(@)9 e P(p) (20)
where p, is given by
pr= 229;:;:' (21

Proof. In view of (20), let

z VA

gm‘x f(Z) 9 gmglf(z) %ma f(Z) 9-1 gm‘:lf(z)
{(1—y>( - )w( e (” ) }=<1—y>((1—p1)p<z>+p1)+y“((1—p1>p<z>+p1).

Taking logarithmic differentiation of (22), we get
o (Erasf @) 1} _ (1-p)er @)

S G ¢ Vicd AL (25)
(1-p)p(2) +p,

%X’a’ﬂf(z)

By using the identity (5) in the last expression, we obtain

Ay(1-py)zp () _ (5
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gm“ ( ) 9
<%fz> =(1-py)p(2) +py, (22)
where p(0) =1 and
k 1 k 1
p(z) =<4+2)P1 (2) —(4—2>P2(Z)~ (23)
Thus, by using (14) and (22), we obtain

g:\r,la,/if (Z) (24)

%T;,Iﬁf(z) A -p))zp (2) i1 (26)

%;Ly,loc,ﬁf(z) S 9((1-p)p(2) +py)

Substituting (26) into (24) and using (13), we arrive at

)00 gy 2R

(L-p)p(2) +ps + 9 i3
(27)
k Ay (1 —=py)zp,(2)
_(1_5){(1 —p1)p2(2) +py + ﬂ#}
Since f € /%Tay/s (k, 9, p), it follows that
Ay (1- ’.
{(1 PPy +W} € P (0p<li=12), (28)
. Ay(1—-py)v

That is, Re¥ (iuy, vy) = py—p + Re{W}

1 My (1= py)zp; (2) W(-p)(1+u
I_P{(I_Pl)Pi(z)+P1+ ) -pr €L <p—p- y( lef)a( +u2)

(29) :
29p; - 29p — Ay (1 - p;)(1 +u3)

To prove the theorem, we will show that = 79
p; € P (i=1,2). We form the functional ¥ (1, v) by taking
u =u, +iu, and v = v; +iv, such that ~ 29(p, —p) - Ay(1-p,) - Ay(1 —pl)ui

1- 29
‘P(u,v):(l—pl)u+p1—p+w. (30)
A+ Bug
Using (29), it is easy to show that the first two conditions Yo

of Lemma 2 are satisfied. To verify condition (iii), we obtain

(31)
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where v; < — ((1 + u3)/2). Now, Re¥ (iu,,v,) <0 if

A=29(p; —p) - dy(1-p) <0,
B=-ly(1-p;)<0, (32)
CcC=9>0.

It follows from A <0, p, given by (21) and B<O0 that
0<p;<l. In view of Lemma 2, for p(z)=p;(2),
pi € P (i=1,2), we get p e P(p;). This proves the result.

Form =0,1=1,a=0,and 3 = 1, Theorem 1 reduces to
the following new result. O

Corollary 1. Let y>0 and fe M (k9 p).
(f (2)/2)" € Py (p,), where p, is given by

Then,

gma (Z) 9
H,(z) = { (1 _Y2)<%) + Y2<

In view of Theorem 1, we conclude that

34 ?
(AZM) =H,(2) € P(py) ¢ P lp).  (39)

29 +y

p1_29+y' (33)

By using the inclusion relation given in Theorem 1, we
prove the following result.

m 9 m+1
(1T o (SE819)

Because the class &, (p) is a convex set (see [18]), it
follows that the rlght side of (36) belongs to %, (p), and
therefore f € ,/% (k 9,p).

Form =0, = 1 a = 0,and 3 = 1, Theorem 2 reduces to
the following inclusion result. O

Remark 1 (see [18]). Let 9>0 and 0<y,<y,. Then,

M (k, 9, p) € M (K, 9, p).

3. Radius Problem

In this section, we examine certain radius problems.

Theorem 3. If a function f € I satisfies

Theorem 2. Let 9>0 and 0<y, <y,  Then,
MY (K, 9, p) € M (K, 9, p).
Proof. Let f € ﬂ;ﬂg(k, 9, p). Then, we have
gm(:I (Z) ma (Z) 9-1
s >( ) ) € P, (p). (34)
z z
Thus, for p, >0, we have
wpf (2)
rof ) (1 —“)Hm )+ U, (). (36)
z Y2 Y2
wpf (2)
( g ) € P (p), (37)
then f € /lmﬁ(k, 9,p) for |z| <r,, where
Ay +9 - Ay + 2299
ro= Y ] Y Y ' (38)
Proof. In view of (37), we have
gm“ (Z) 9
(“;f) =(1-p)p(2) +p; (39)

where p € &;. Hence, by using (5) and (39), we easily get

Ayzp (2)

- { (1o w( zfa,ﬁﬂz))S . y(%;";;ﬂz))(gg;ﬁ f(z))s
-P z 2

. ,
-P} =p(z) + 9

(40)

ko1 Myzp, (2)] [k 1 A\yzp, (2)
(e )

where p,, p, € & and z € D.

Now, by using well-known estimates (see [2]) for the
class & given by



6
lzp; (2)] SM:
(1-1)
(41)
Rep,-(Z)zg, (lzl<r<1l;i=1,2;z € D),
we have
Re{Pi (2) + )WL;(Z)} ZRG{Pi () - W}
2Ayr
ZRep,-(z){l —m}
= RePi(z){ 901~ r)z .
(42)

The right hand side of the last inequality is positive if
|z| = r <r|, where r, is given by (38).

Letting m =0, A =1, a =0, and $ =1, Theorem 3 re-
duces to the following new result. O

Corollary 2. If a  function fed  satisfies
(f(2)/2)° € Py (p), then f € MY (k,9,p) for |z| <r,, where

_y+\9—wy2+2y9 (43)

9

r

Remark 2. f m=a=0, y=f=1=9=1, and k=2 in
Theorem 3, then f is in Y, (2,1,p) = %,(1,1,1,p,1,0)
for |z| <2 — v/3 = 0.2679. This result was proved in Theorem
3.4 in [24].

4. Application of an Integral Operator

In this section, we consider an application of the generalized
Mittag-Leftler operator given by (4) involving the general-
ized  Bernardi-Libera-Livingston  integral  operator
ZL s 9 — o given by

ggf(z)=a+l

rt"* Fd, (o> -1). (44)
0

ZO'
From this operator, we easily get
&y Lof (2) = (0+ )& 1 f(2) =08, L, f (2).
(45)
For several special cases of this operator and related
operators, one may refer to a survey article by the first two
authors [25] and related references therein.

Theorem 4. Let f € o/ and £, f be given by (44). If
& s Lo f(2) &S (2)
{(l—y) R s }

€ Pr(p),  (46)

then
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& s ZLof (2)
z

e P.(1), (zeD), (47)

where 1 is given by

1=p+(1-p)(24 - 1),
: Y N\ (48)
11=JO<1+t0+1> dt.

Proof. Consider the function

g P F(2) ko1 ko1
% =p(z) = {(Z + E)pl (2) _<Z - E)Pz (Z)}'

(49)
Differentiating both sides and using (45), we get
& :
)L,a,ﬁf(z) _ P(Z) " zZp (Z) (50)
z o+1
If we use the identity given by (46), we obtain
ErapLof (2)  Elypf(2) yzp (2)
(1-1y) . +y . =p(z)+ 11 € P (p).
(51)
This implies that
yzp; (2) .
. i = . 52
Re{p,(2)+ P }>p, (i=12) (52)

By using Lemma 3, we see that Re{p; (2)} > 1, where 1 is
given by (48). Thus, we arrive at p € 9, (1). This completes
the proof.

Setting m=0, A=1, a=0, and f=1 in operator
&) opf> Theorem 4 gives the following result. O

Corollary 3. Let f € of and £, f be given by (44). If
<
{(1—y)#w@} € P (p) (53)

then (£, f (2))/z € P (1), where 1 is given by
1=p+(1-p)(2, - 1),

. Y N\ (54)
lIZJ <1+t0+1> dt.
0

5. Conclusion

We conclude our investigation by remarking that the de-
fined new generalized class of analytic functions involving
the Mittag-Leffler operator and Bazilevic functions gives
various well-known subclasses of Bazilevic functions as
particular cases which in turn yields many known results as
corollaries.
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