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Completely monotonic ratios of basic and ordinary gamma func-
tions
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Abstract. We investigate conditions for logarithmic complete monotonicity of product ratios
of gamma and g-gamma functions whose arguments are linear functions of the variable.
We give necessary and sufficient conditions in terms of nonnegativity of a certain explicitly
written measure in the ¢ case and of a certain elementary function in the classical ¢ = 1 case.
In the latter case we further provide simple new sufficient conditions leading to many new
examples of logarithmically completely monotonic gamma ratios. Finally, we apply some of
our results to study monotonicity of some gamma ratios and rational functions.
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1. Introduction

Completely monotonic functions are infinitely differentiable non-negative func-
tions defined on (0, 00) such that (—1)"f)(z) > 0 for n > 1 and = > 0 [27,
Definition 1.3]. They are characterized in Bernstein’s theorem as Laplace’s
transforms of nonnegative measures [27, Theorem 1.4]. These functions are
of importance in many fields including probability, potential theory, asymp-
totic analysis and combinatorics. Details and references can be found, for in-
stance, in a nice survey [17]. A positive function f is said to be logarithmically
completely monotonic (l.c.m.) if —(log f)’ is completely monotonic [27, Defi-
nition 5.8]. The class of 1.c.m. functions is a proper subset of the class of c.m.
functions. Their importance stems from the fact that they represent Laplace
transforms of infinitely divisible distributions, see [27, Theorem 5.9].
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The study of (logarithmic) complete monotonicity for ratios of products of
gamma functions was probably initiated by Bustoz and Ismail in their 1986
paper [7]. Today this topic has a rather rich literature that includes contribu-
tions made by Ismail and Muldoon [14], Alzer [1], Grinshpan and Ismail [12],
Alzer and Berg [2], Guo and Qi [10,24], Karp and Prilepkina [16], Ouimet
[21,22] and Qi et al.[25]. The original result of Bustoz and Ismail has recently
been substantially strengthened by Berg et al. [4].

More specifically, the third named author (jointly with E. Prilepkina) con-
sidered in [16] the function

. 2’:1 T(A;z + a;)

[T (B + b))’ (1)

where A = (Aq,...,A,) and B = (B, ..., Bs) are strictly positive scaling fac-
tors, while a = (a1,...,a,) and b = (b1, ...,bs) are non-negative. Conditions
for this function to be logarithmically completely monotonic and the repre-
senting measure were found. The first purpose of this paper is to extend some
of the results of [16] to the ratio

P oT%(Ax+ a;
Wo(z) = —= ‘é,( ) : (1.2)
Hj:l Lq’ (Bjz + bj)
where the g-gamma function I';(z) is defined by [3, (1.1)], [9, (1.10.1)]
3 0 1— qn+1
_ 1—x
Lg(z) =(1—q) };[071_(1””. (1.3)

Here ¢ € (0,1) and A;, o, B; and B, are strictly positive, while a; and b;
are non-negative. Investigations of the complete monotonicity of the ratios
of g-gamma functions are not as numerous as of their classical (i.e. ¢ = 1)
counterparts. Probably, the first appearance is encountered in the 1986 paper
by Ismail et al. [13, Theorem 2.5, Theorem 6.1(vi)] with further results in [14,
Theorem 2.5] (we refer to the corrected 2013 version), extending a previous
result by Bustoz and Ismail pertaining to the case ¢ = 1. Further combinations
involving the ratio of two ¢g-gamma functions were studied by the same authors
n [15]. Grinshpan and Ismail considered the case p = s, a; = §; = A; =
B; =1 of (1.2) in [12], where some sufficient conditions for the logarithmic
complete monotonicity were given (see further comments regarding this paper
in Example 1 in Sect. 2 below). Some completely monotonic combinations of
g-gamma and ¢-digamma functions were also considered in [8].

In this paper we give necessary and sufficient conditions for the function
W, to be logarithmically completely monotonic and furnish several examples
of how these conditions can be satisfied. The ¢ case turns out to be significantly
different from the classical ¢ = 1 case. For example, the balancing condition
P A = 25:1 B;B; necessary in the classical situation may be violated
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when ¢ € (0,1) without destroying the logarithmic complete monotonicity of
Wy; further for ¢ € (0, 1) the arithmetic properties of the numbers A;, B; play
the key role in determining whether W, can be logarithmically completely
monotonic.

In the second part of the paper we consider the case ¢ = 1 of (1.2) which
extends (1.1) (since I'y(z) — T'(x) as ¢ T 1, see [3, Theorem 4.1]). We show first
that the results of [16] can be extended mutatis mutandis to this situation.
In general, the necessary and sufficient conditions for logarithmic complete
monotonicity are difficult to verify. We give several new examples which are
completely monotonic under very simple and explicit conditions. We further
demonstrate how these examples can be used to prove the monotonicity of
certain gamma ratios and rational functions.

We conclude this introduction by recalling some definitions to be used be-
low. The standard notation I'(x) and #(x) will be used for Euler’s gamma
function and its logarithmic derivative (known as digamma or psi function),
respectively. The following integral representation holds [2, (1.1)]

oo e—t _ e—a:t
= — —dt 1.4
v ==+ [ G (1.4)
where v = 0.57721... denotes the Euler-Mascheroni constant. Polygamma

functions are
v¥(w) = (-1 [
0

The ¢-gamma function is defined in (1.3) and its logarithmic derivative (or
g-digamma function) t4(z) can be computed for ¢ € (0,1), z > 0, by the
formulas [3, (3.3)], [15, (1.3), (1.4)]

I (x) = gt
Pe(z) = I‘Z(x) —log(1 — ¢) +log(g Z T

dt. (1.5)

> qe
—log(1 — q) +log(q Z (1.6)
The second expression can be rewritten as a Stieltjes integral [15, (1.5)]
oo efwt
nlw) = —tog(1 =) = | T 1), (17)

where

IOg(l/Q) kZ 6klog(1/q)7 0< q< 1
=1
ta q = 1

Yq(t) =

and 0, denotes the unit mass at the point x so that dv,(t) is a discrete measure
with positive masses log(1/q) at the positive points klog(1/q), k > 1.
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Differentiating both sides of (1.6) and (1.7), respectively, we obtain
*) k+1 k na: b1 00 tk —xt
94 (x) = [los(y Zl_q [ ),
€(0,1),z > 0. (1.8)

Further details can be found in [14,15].
Finally, we remark that the definition of a completely monotonic function
leads immediately to the following equivalences

fis cm. on (0,00) < f >0 and — f’ is c.m. on (0, 00)
< —f"is c.m. on (0,00) and Jim f(z) > 0. (1.9)
In view of (1.9) for logarithmically completely monotonic functions we have:
fis Lem. on (0,00) < (—log f(x))" > 0 and (log f)” is c.m. on (0, c0)
< (log f)" is c.m. on (0,00) and lim (—log f(z)) > 0.
o (1.10)

2. Ratios of g-gamma functions

In this section we consider the function x — W, (x) defined in (1.2) with
g € (0,1) and A, a;, §; and B; being strictly positive scaling factors, while
a; and b; are assumed to be non-negative. Given the numbers 4; and B; and
0 < g < 1, define two multi-sets of positive numbers by

A={nA;log(1/q) :neN,i=1,...,p}

B={mBjlog(l/q) :meN,j=1,...,s}.
We will write /l, B for the sets obtained by removing the repeated elements in
the multi-sets A, B, respectively. Define further the (non-negative) measure p
supported on A by

I

i=1n=1

O‘iA%qnai(snAi log(1/q)> (21)

where J, denotes the point mass concentrated at the point a. Similarly, define
the (non-negative) measure o supported on B by
S o0

m b
=D T o BiBFa"™" bm, toa(1/a)- (2:2)

j=1m=1

Theorem 2.1. Suppose A;, Bj, a; and 3; are strictly positive, while a; and b;
are non-negative. The function (log W,)" is completely monotonic if and only
if T := u— o is a non-negative measure, which, in turn, is equivalent to the
following two conditions:
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(1) BC A = E"I’Ll,...7'fls € N such that B ZTLlAil, By = ’ngAzz,

Bs =ngA;_, for someiy, ... is € {1,2,...,p} (the indices i,, i, may comczde).
(2) for each t € B we have
n 2 na; 2 mb
; ¢ A7 > mzj /6’] (2.3)
nA; logil/q):t mBj log’(l/q)_

In the affirmative case we have
(logW,)" = (logq)z/ e~ (dy). (2.4)
0

Proof. Differentiating the logarithm of (1.2) twice and using (1.8), we have

p s
(log W, (z ZQZA% (Aiz +ai) = Y B; B, (Bjz + b))

Jj=1

This can be rewritten as
(log W,(@)" = (g a)? [ e *(dy),
0

where 7 = p — o with g and o given by (2.1) and (2.2), respectively. By
Bernstein’s theorem (log W, (xz))” is completely monotonic if and only if 7 is
a non-negative measure, which proves the first claim. To show that this is
equivalent to the combination of conditions (1) and (2) note that the nonneg-
ativity of 7 reduces to the requirement that each of the negative mass points
mB;log(1/q) is among the positive mass points nA;log(1/q) and the mass at
the latter point is greater than or equal to the mass at the former. The first
requirement amounts to B C A in view of the definitions of A and B, while
the second one is precisely the inequality (2.3).

Finally, for B C A to hold it is necessary and sufficient that there exist
n1,...,ns € N such that

B1 = TllAil,B2 = TLQA'

G99+t

By =nsA;,, (2.6)

for some i1,...,is € {1,2,...p} (the indices i,,4; may coincide). Indeed, we
can take the part of B corresponding to m = 1 to see that this condition is
necessary. On the other hand, if this condition is satisfied it is clearly also
sufficient as mBy, = n4,;, for n = mny. O
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Condition (2.3) may be simplified in the following case. Suppose all ratios
B;/Bj, i # j, are irrational, so that B = B (B has no repeated elements) and
suppose that A; = B;/n, for i =1,...,s, while all elements of (Ast1,...,A4p)
are irrational with respect to any element of (Aj,...,As) (that is Ag/A; is
irrational if [ < s, k > s). This implies that each equation nA; = mB; is
satisfied by a unique combination (n,), (m, 7). Then condition (2.3) reduces
to a set of inequalities

A" BiBiq™"
1—qg» — 1—qgm
Inserting B; = njA;, n = mn; here, these conditions reduce to

, j=1...,5, meN.

aqunJaJ > /Bjnqu j ’
Writing € = ¢ € (0, ¢] we have

j=1,...,s, meN.

L onia; b
aj€ei% < Bin e’
. — b

1— € 1—c¢

or

4> (14ed -+ hebimmioi  j=1.s.
Bin;

Clearly, we need to assume b; > nja; in order to satisfy this inequality for e
close to 0 (that is for large m). Further, under this assumption the maximum
of the right hand side is attained for m = 1 (or ¢ = ¢), so it is sufficient to
choose the parameters that satisfy

Y S n,qu*njaji

g, — 1—¢q
For any given values of ¢ € (0,1) and n;, we can choose §;, ¢, b; and a; that
satisfy these inequalities.

If (logW,)"” is completely monotonic on (0,00), two types of behavior of
(log W,)" seem to be of interest: if (logW,)" > 0, then (logW,)" is known
as a Bernstein function [27]; if (logW,)" < 0, then (—logW,)’ is completely
monotonic and, hence W, is logarithmically completely monotonic. We will
explore these two cases (with the main emphasis on the latter case) in the
following two theorems. For additional clarity recall that

, J=1...,s (2.7)

S

p
(log Wq)l = Z OzlAl’l/)q(AllL' + (Zi) — Z 6ij’(/Jq(Bj£L' —+ b])
i=1 J

)

Theorem 2.2. The function (logW,)" is a Bernstein function if and only if
conditions (1) and (2) from Theorem 2.1 hold and

p s
D aidiglai) =Y 5By (by).
i=1 j=1
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Proof. As (logW,)"” > 0 by Theorem 2.1, the function (log W, )’ is increasing.
Hence, (logW,)" > 0 if and only if 111%(1og Wy(x))" > 0. This is exactly the

condition of the theorem. O

Theorem 2.3. The function Wy(x) is logarithmically completely monotonic if
and only if conditions (1) and (2) from Theorem 2.1 hold and

p s
i=1 j=1

Proof. Suppose W,(z) is logarithmically completely monotonic, so that
(—log W,)" is completely monotonic. This implies that (log W,)"” is completely
monotonic and by Theorem 2.1 conditions (1) and (2) of this theorem must
be satisfied. Further, as (—log W,)" must be non-negative and decreasing, we
necessarily get with the help of (1.6)

r—00

s p
. 1

iy (~log W) = 325~ - | o (+2,) =0

i= i=

which is (2.8). In opposite direction, conditions (1) and (2) imply that (log W;)”
is  completely monotonic by  Theorem 2.1, so that (—log
W,)" is decreasing. Then condition (2.8) implies in view of the above limit
that (—log W,)" > 0 and hence is completely monotonic. O

The above theorem shows that the situation in the g-case is substantially
different from the case ¢ = 1, where condition (2.8) must be satisfied with
equality. Below, we present three examples.

Ezample 1. In [12] Grinshpan and Ismail considered the ratio (1.2) with A; =
Bj =1:

f:1 ng (7 + a;)
s B
Hj:l L’ (z +b;)

(we follow our notation which is slightly different from the notation of [12]).
In this case the measure p from (2.1) assigns the mass

P
a;q" "
— n

i=1 1—q

to the point nlog(1/q) for each n € N, while the measure o from (2.2) assigns
the mass

g(7) =

S

n b
Z 1 _qnﬁjqn !

=1
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to the same point, so that condition (1) from Theorem 2.1 is automatically
satisfied, while condition (2) reduces to

p s
D g™ =" Big™ = v(g") >0
i=1 j=1

for each n € N, where

p s
o(t) = ait® = Bt
i=1 j=1

In particular, v(t) > 0 on (0, ¢) is sufficient. The condition (2.8) takes the form

P S
Z a; < Z Bj-
i=1 j=1

Hence, the above inequality and the condition v(¢™) > 0 for all n € N are
necessary and sufficient for F, to be logarithmically completely monotonic.
This refines [12, Lemma 3.1], where the claim is that Fj is logarithmically
completely monotonic if Y7 o = 37, B; and v(t) > 0 on (0,1).
Note that the above inequality may be strict without contradicting v(t) > 0
on (0, q). For instance,
. g(r+a)
Ty (x +b)
is logarithmically completely monotonic for 8 > a if /3 > ¢*=¢
be attained for any ¢ € (0,1) by choosing b sufficiently large.

, which can

Ezample 2. Take Ay =1/6, a; =5, B1 =1/3, By =1/2, 1 = 52 =1, or
I'°(z/6+a
Wy(x) = o2/ ) .
Ty(@/3+ by (2/2+ 0)
Note that a1 Ay = 81 B1+F2Ba. We will try to choose a, b, ¢ so that (log W,)" is

completely monotonic, that is we try to satisfy (2.3). Denote 6 = log(1/q) > 0.
Then we have

A={én/6:neN},
B ={dm1/3,0ma/2 : my,ms € N}.

All the elements of A are simple (not repeated), but the elements ¢ of B of the
form ¢t = 64, 7 € N, have multiplicity 2, as both values m; = 35 and my = 27,
Jj € N, give t = §j. Hence, for ¢ = dm;/3 = dn/6, m; # 0 mod 3, we have
n = 2m, and condition (2.3) reduces to

2
o B(1/6)2 P =

I 1 32 mi1b o 5/2> (1 mi ml(b72a).
o > I e 522 (™
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We have to assume b—2a > 0 to satisfy this inequality for large m;. Assuming
this, we see that the right hand side is decreasing as m; is increasing. Hence,
it is sufficient to satisfy this inequality for m; = 1 or

_ log[2(1 + ¢)/5]
5/2> (1+q)¢"2 & b—2a> 20 TD/D)
2= (1td) log(1/q)
The last inequality is true for all b — 2a > 0.
Next for t = 0ms/2 = on/6, ma # 0 mod 2, we have n = 3ms and condition
(2.3) reduces to

3m2
1— q3m2

5(1/6>2q3m2a > : m2mz (1/2)2qm2c o 5/3 > <1+qm2 +q2m2)qm2(c—3a).
—q

We have to assume ¢ —3a > 0 to satisfy this inequality for large mso. Assuming

this, we see that the right hand side is decreasing as mq is increasing. Hence,

it is sufficient to satisfy this inequality for ms = 1 or

- log[3(1 + ¢ +¢*)/5]
5/3>(1+q¢+¢>)q¢ 3 & ¢—3a> )
3= ) loa(1/a)
We can always take c large enough to satisfy this inequality.
Finally take the points ¢t € B of the form t = §j, so that dm;/3 = én/6
and dms/2 = dn/6 (i.e. my = 3,6,9,... and ma = 2,4,6,...). Condition (2.3)
takes the form:

n
1 2na>
/0 >

mi

1— qm1

m
(/3™ + 1= 2 (/D)%™

As my =n/2, me = n/3 this can be put into the form:
5> 2(1 + qn/2)qn(b72a)/2 + 3(1 + qn/S + q2n/3)qn(573a)/3.

We have to assume again b — 2a > 0 and ¢ — 3a > 0. Under this assumption
the right hand side decreases as n grows. So it suffices to take the minimum
value of n = 6 (this is the minimal value producing the integer n/6). So, the
required inequality takes the form

5> 2(1 4 qS)qlS(b—Qa) + 3(1 + q2 + q4)q2(c—3a).

It is clear that for any given 0 < g < 1 we can choose b — 2a and ¢ — 3a large
enough to satisfy this inequality. We finally conclude that for a, b, ¢ satisfying
the above inequality and such that

log[3(1 + q + ¢%) /5]

b>2a, c¢>3a+ :
log(1/q)

the function W, (z) is l.c.m.

Ezample 3. Take A1 = V/2/2, Ay = V/3/5, A3 = 7, Ay = 1, B] = V2,
By = /3, so that B; = 2A4;, By = 5As, B has no repeated elements and,
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clearly, the elements of (As, A4) are irrational with respect to the elements of
(A1, Ag). Then according to (2.7) we need the parameters to satisfy

a1/B1 = 2(1+q)¢" > and az/Bs > 5¢" 77" (1—¢°)/(1 - q)

in order that (log W,)” be completely monotonic. Finally, according to condi-
tion (2.8) of Theorem 2.3 the function W, is logarithmically completely mono-
tonic if, in addition to the above conditions, we have

a1V2/2 + aaV3/5 + azm + g < B1V2 + B2V/3.
For instance, for ¢ = 1/2, the function

Uy(x/V2 4 a1)Ty(2v3/5 + ag)Ty (27 + a3)Ty (2 + aa)
I2(2v/2 4 2a; + 3)T2(x/3 + 5az + 5)

is logarithmically completely monotonic for any a1, as, ag,aq > 0.

3. The case g = 1 revisited

In this section we will study the function

_ I (A;xz + a;)
Viz)=0"7 ; 1
(@) | % (Bjx + bj)

(3.1)

which generalizes the function W from [16, section 3|. Here A;, Bj, o;, B and 6
will always be assumed to be strictly positive, while a; and b; are non-negative.
Letting ¢ T 1 in (1.2) we get the case § = 1 of V(). A particular case of V(z)
has been recently demonstrated to be l.c.m. in [29, Proof of Theorem 1.5] as
part of and investigation of Stieltjes moment sequences.

The following result is a straightforward generalization of [16, Lemma 1].
The proof repeats the proof of [16, Lemma 1] mutatis mutandis and will be
omitted.

Lemma 3.1. The function (log V)" is completely monotonic if and only if

p e~ w/A; ﬁ e~ bju/B;
Q(u)::Z;1 p=—ry Z — /B, >0 for all u > 0. (3.2)
In the affirmative case
(log V()" = / e uQ(u)du. (3.3)
0

Theorem 4 from [16] admits the following generalization. A similar proof is
also omitted.
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Theorem 3.2. Let = > 0 and A;, B;, a4, 3; be strictly positive and a; and b;
be non-negative. The function V (z) is logarithmically completely monotonic if
and only if condition (3.2) holds true and

P S

P s
ZaiAi = Zﬁij, p = 1_[14?“41 H B;ﬁij S 0. (34)
i=1 j=1

i=1 =1

In the affirmative case
(~logV(@)) = [ e " Qu)du-+log(o/p).
0

We find the necessary conditions for logarithmic complete monotonicity of
V in the following corollary. The proof goes along the same lines as the proof
of [16, Corollary 1] and will be omitted.

Corollary 3.3. In addition to (3.4) the following conditions are necessary for
V' to be logarithmically completely monotonic:

(a) Z§:1 B (b; — %) =2 aila; — %) > 0;

(b) mini<i<p(a;/A;) < mini<j<s(b;j/B;); in case of equality it is further
necessary that ), ., ar > > By, where I, J are the sets of indices
for which minima are attained on the left and on the right, respectively.

The following theorem provides some sufficient conditions and generalizes
[16, Theorem 5] with a similar proof.

Theorem 3.4. Inequality (3.2) is true if any of the following sets of conditions
holds:

(a) Zle OéiAi = Z;:l ﬁij and maxlgigp(ai/Ai) S minlgjgs(bj — 1)/BJ,
b) p=s,>" ;A =" | B;B; with ;A; > 3;B; fori =1,...,p—1, and
maxi<j<p—1b;/B; < (by —1)/By, a;i/A; < (b; —1)/B; fori=1,...,p.

Below we present two new classes of completely monotonic gamma ratios
not considered in [16]. We will need a slight modification of a particular case
of the easy direction in Sherman’s theorem [5, Theorem 1], [20, Theorem 4.7.3]
given in the proposition below. Just like in the classical situation our proof
is an application of Jensen’s inequality. See, for instance, [5, Theorem 1], [20,
Theorem 4.7.3], [6, Remark 1.4] for details and related results.

Theorem 3.5. Suppose the real vectors x = (x1,...,2p) € [a,fP, y =
(y1,...,ys) € [o,0)° and nonnegative vectors ¢ = (c1,...,¢p) € [0,00),
d=(dy,...,ds) € [0,00)° satisfy the inequalities

P s
ijinhji, jil,...,S andciEZdjhﬁ, Zil,,p (35)
i=1 j=1
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for some nonnegative s X p row stochastic matriz (hj;;), i.e. such that h;; >0
and >0 _ hj; =1 for j =1,...,s. Then for any convex decreasing function
folo,p)l — [0 00) we have

Zd fly;) < Z (3.6)

Proof. Indeed,

s p

s s P
D dif(y) <D dif (Z xihﬂ) <D Ay hyif (@)
7j=1 Jj=1 =1 Jj=1 1=1
p s P
= Zf(ifz) Zdjhji < Zcif ().
i=1 j=1 i=1

The first inequality is due the fact that f is decreasing, in view of the first con-
dition in (3.5); the second inequality is Jensen’s inequality [20, Lemma 1.1.11]
valid since f is convex and (h;;) is row stochastic; finally, the ultimate in-
equality is true due to the second condition in (3.5) and the nonnegativity of

1. O

By restricting generality we can get rid of the matrix (h;;) in the above
theorem and formulate the hypothesis directly in terms of parameters.

Corollary 3.6. Let x, y, c, d retain their meaning from Theorem 3.5. Suppose
further that

P s P
1 .
;ci:Zdj:D andijBiz:;Cixi7J:17~-~,5- (3.7)

j=1
Then inequality (3.6) holds for any convex decreasing function f : |a, 5] —
[0, 00).

Proof. Indeed, choosing hj; =¢;/D foralli=1,...,pand j=1,...,s we get
a row stochastic matrix. It remains to apply Theorem 3.5. g

The following theorem furnishes a large number of examples of logarithmi-
cally completely monotonic gamma ratios of the form (3.1).

Theorem 3.7. Suppose (hj;) is an arbitrary row stochastic matriz. Assume fur-
ther that the positive numbers (oa,...,qp), (B1,...,0s), (A1,...,A4),
(Bi1,...,Bs) and nonnegative numbers (a1, ..., ap), (b1,...,bs) satisfy the con-
ditions

a; Ay > Zﬁijhji fori=1,...,p,

" (39)
b; ZBjZ%hji+lf0Tj:1,...7s

i=1 """
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Then Q(u) > 0 for all u > 0, where Q(u) is defined in (3.2).

Proof. By the mean value theorem we have

—a;u/A; p

p
;e Q;
Z 1— efu/Ai - Z eaiu/Ai _ e(aifl)u/Ai
=1 1=1

p o 12
=) — " - JAjeus
Zl (u/A;)evs ;a c

1=

where &; € ((a; —1)/4;,a;/A;) and similarly

bju/Bj

R .
Z 31 o—u/B; —azﬂjBa‘e “,
j=1

where n; € ((b; —1)/B,,b;/B;). Hence, for Q(u) we get
P s P
u) = Z oziAie_“& — Zﬁije_""j Z Z aiAie_“"'i/Ai
i=1 j=1 i=1

—> B;Bje b= /Bs, (3.9)

j=1

We are now in the position to apply Theorem 3.5 with d; = 3;B;, y; =
(bj—1)/Bj,j=1,...,s, ¢, =a;A;, v; = a; /A, i =1,...,p, and f(z) = e "".
For any fixed uw > 0 this function is decreasing and convex. O

Corollary 3.8. Suppose V (z) is as defined in (3.1). If conditions (3.8) are sat-
isfied, then (log V)" is completely monotonic. If, moreover, conditions (3.4)
are satisfied, then V(x) is l.c.m.

An application of Corollary 3.6 leads immediately to
Corollary 3.9. Suppose conditions (3.4) are satisfied and

s p
(bj—l)ZﬂkBkZBjZaiai fO’I“jzl,...,S

k=1 i=1
Then V (z) defined in (3.1) is l.c.m.
Next, we present another class of logarithmically completely monotonic

functions of the form (3.1). Assume p = s and a; = b; = a, A; = 1/,
B;j=1/3; forall j=1,...,p. Then

N B p F“J’(x/og—&— z P
V(x)*]lzll FBJ(J}/ﬁ]—Fa jl;[l a]/ﬁ] )
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so that
(log VY i Y(x/aj + a) —P(x/B; + a) +log(a;) —log(f;)]
" P
= (log W)+ llog(ay;) — log(3;)]
and B

(log V)" = (logW)".
We have the following proposition.
Theorem 3.10. Suppose a > 1 and the conditions
O<ar << <y, 0B < B <--- <6y,

k k
Oéjgzjzlﬁj fork:]wu'apu

>

Jj=1

(3.10)

are satisfied. Then (log W)’ is a Bernstein function and Vs logarithmically
completely monotonic.

Proof. As (log W)’(O) = 0, this function is Bernstein if and only if (log /V(7)”
is completely monotonic. According to Lemma 3.1 this will be the case if and
only if

. p ajefauaj Bjefauﬁj 0
= — >
Q=3 {1 o~ ) 2
Jj=1
on [0,00). To prove this inequality we need the following lemma.

Lemma 3.11. Suppose 6 >~ > 0. Then the function

te*ét
1—et

Ps,(t) =
is decreasing and convezx on [0,00).

Proof. Note first that if f(¢) is positive, convex and decreasing, then so is
e M f(t) for A > 0. Indeed, decrease is obvious, and it remains to show that

e MUf(ty) + e M2 f(ta) > 20 M2 £ (1) +15)/2)
& AT f() + XTI F (1) > 2f((t +12)/2)
for t; < ty. Writing ¢ = e**2=%)/2 > 1 in view of f(ty) < f(t1) and the

convexity of f, we will have
qaf () +q = f(t2) = f(t1) + f(t2) + (¢ = 1)(f(t1) —q " f(t2))
> f(t1) + f(t2) + (g = 1)(f(t1) = f(t2)) > f(t1) + f(t2) = 2f((t1 +t2)/2).
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As ¢5,(t) = e O=Dp _(t) it is then sufficient to establish the lemma for
Oy .~(t). In turn, ¢~ ~(t) = (1/7)¢1,1(7t), so that it suffices to establish the
claim for ¢ 1(u). The function ¢ 1(u) is the exponential generating function
of Bernoulli numbers and is well-known to be decreasing and convex on the
whole real line. O

We now return to the proof of Theorem 3.10. The inequality Q(u) > 0 in
terms of ¢, 5(t) takes the form

p
quauu ﬁ] §Z¢auu aj

According to [19, Proposmon 4.B.2] the above lemma implies that this in-
equality is true if @ > 1 and the conditions (3.10) are satisfied.

Finally, to prove that Vis logarithmically completely monotonic it remains
to show that

T— 00

p
lim (—log V)" = lim ( logW ) + Z log(8;) —log(a;)] > 0.
Tr— 00
Jj=1

Using the asymptotic formula
1
P(x) ~log(x) — % +0(z7?) as & — oo,
T
we can write

PY(Cx + ¢) = log(z) + log(C) + (c - 1) % +0(x7?%) as x— 0.

Then, as © — oo

(- logW Z Y(x/B; +a) —(z/a; + a)]

j=1
Z log(a; —log(B;)] + O(1/x)

yielding
lim (—log V) =

r—00

O

Remark. The properties of the function ¢, g(u) were studied in great detail
n [11,26]. It appears, nevertheless, that the result of Lemma 3.11 does not
follow from investigations in [11,26].

Alzer and Berg [2] (for § = 0) and soon thereafter Leblanc and Johnson
[18] (for § > 0) studied the complete monotonicity properties of the function
S, ag(brz + 6) and its derivative. In particular, an application of [18,
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Lemma 2.1] to the function (log V) leads to the conclusion that (log ‘7)” is
completely monotonic if @ > 1/2 and

i) < i i)
1293, 0a) = 20, ()

Our majorization conditions (3.10) are certainly much less restrictive than the
above condition, but at the price of a slightly stronger assumption ¢ > 1 on
the parameter a. Application of [18, Lemma 2.1] in its full generality leads to
the following proposition.

Theorem 3.12. Suppose conditions (3.4) hold, a > 1/2 and, moreover,

(@) Ay > Ay >-->A,>B1>By>---> B, >0,
(b) OzlAl > a2A2 > > apAp > 0,
() 0< 1By < faBy <--- < B,Bs.
Then, the function
i1 T (Aiz + a)
[[}=, TP (Bjz +a)
is logarithmically completely monotonic.
For p = 1 we can be more precise.

Vie)=0""

Theorem 3.13. The function
PN I“(z/a+ a)a®
v, - e
1s l.c.m. and the function

(log W)’ (x) = (w/a+ a) — (/5 + a)
is a Bernstein function if and only if « < 8 and, if « # 3, a > 1/2.

Proof. As conditions (3.4) are satisfied for the function V; (x) and lirr%)(log /Wl)’(x)

= 0 the claim of the theorem is equivalent to the assertion that

(log W)"(z) = (1/a)¢)'(z/a + a) = (1/B)¢' (/5 + a)
is completely monotonic which, by Lemma 3.1, is equivalent to the inequality

—aua —uaf
Q1(u) = 1a_€ e fi e >0 for all u > 0.

Hence, we need to prove that the above inequality is true if and only if a < 3
and a > 1/2 when « # (. Assume first that it is true. According to Corol-
lary 3.3(b) this implies that « < 3. Next, cross-multiplication yields the fol-
lowing form of the required inequality

o(u) = ae” ¥ — e aatB) _ ge—uaB 4 ge—ulafta) >
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An easy calculation shows that o(0) = ¢/(0) = 0 and 0”(0) = a3(2a—1)(6—a).
The case o = [ is trivial, so we assume that a < §. Then 2a—1 > 0 is necessary
for o(u) > 0 in the neighborhood of u = 0.

In the opposite direction assume that o < 8 and a > 1/2. The inequality
u@1(u) > 0 follows from the fact that the function x — ze=**/(1 —e™7) is
strictly decreasing on (0,00) if a > 1/2. O

4. An application

Motivated by some problems in logarithmic concavity of generic series contain-
ing ratios of rising factorials, we consider the monotonicity of certain ratios of
products of gamma functions. We remark here that the decreasing gamma ra-
tio in the following theorem is not completely monotonic under the conditions
of the theorem. As far as we know these monotonicity results are new.

Theorem 4.1. Suppose conditions (3.10) are satisfied and denote A; = 1/«
B,=1/8;,i=1,...,p, and Y > X > 0. Then the function

AX+an&Y+@
LA T(AY + a)T(BiX +a)

(4.1)

s monotone decreasing on [1, oo).

Proof. Indeed, by Theorem 3.10 the function
. P
(log W) (2) = S_[(Ai + a) — ¥(Biz + )
i=1
is a Bernstein function under the conditions of the theorem and, in particular,
is increasing on (0, oo). Hence,

0
a—logF ; P(A; X + a)

—(B;X +a) — (Y(AY +a) —¢(BY +a))] <0
because Y > X > 0. O

Remark. In view of Theorem 3.13 for p = 1 the function F(a) in (4.1) is
decreasing on [1/2,00) if A> BandY > X > 0.

The case p = 1 also leads to the following monotonicity result for a ratio
of rising factorials.

Corollary 4.2. Suppose 6 > 0 and n > m > 0 are integers. Then the rational
function
(a+ om),

Flo) = sn),
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is decreasing on [1/2,00).

Proof. Denote X =m,Y =n, B=10, A= 1+0. Then as (z); = I'(z+k)/I'(x),
we obtain

0

%0 log F(a) = ¢Y(AX 4+ a) —(BX +a) — (Y(AY +a) —(BY +a))] <0
for all @ > 1/2 in view of the remark below Theorem 4.1. O

For p = 2 Theorem 4.1 asserts that the function
T(A1 X 4+ a)T'(B1Y + a)l'(AxX 4 a)T'(B2Y + a)
(ALY + a)T'(B1X + a)[(AY 4+ a)T(B2X + a)
is decreasing on [1,00) if Y > X > 0,0 < A;' < A;1, 0 < By' < By,
AT' < Brtand AT AT < By 4Byt Ondenoting py = A1 X, po = Ao X,
us = AY, ug = AY, v = B1Y, s = ByY, v3 = B1 X, vy = B X, the
function in question becomes
_, Pl +a)U(pe + @)l + )T (w2 + a)
I'(ps + a)l(pa + a)T(vs + a)l(va +a)
This function is decreasing on [1,00) if the following conditions are satisfied:
(),Ufi»Vi>0 =14

b) = :ﬂ—2>1(sinceY>X);
o pe Vs

(
(c) po < p1 and vo <y (since As < Ay and By < Bi);
(

1 1 1
d) 1y <,u3and—+—§f+—(smceBl<A1andA +A <B_
M1 H2 V3 Vy

+B;").
Note that in view of (b) conditions (c) also imply that pg < ps and vy < vs,
while conditions (d) imply that v3 < py and puz’ + pg' < vyt + vyt We
further remark that we can recover the parameters Ay, As, By, Bs, X, Y from
i, vj by setting X = 1 and Y =the common value of the ratios in (b). The
remaining parameters are then immediate from the definitions of p;, v;.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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