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Abstract

The study focuses on deriving optical soliton solutions for the Benney—Roskes (BR) and
Zakharov—Rubenchik (ZR) system. To achieve this, complex wave transformations are applied
to convert the system of partial differential equations (PDEs) into a more manageable form of
ordinary differential equation (ODE). This transformation simplifies the analysis and facilitates
the extraction of exact solutions. The new Kudryashov method (nKM) is employed to solve
the resulting nonlinear ODE (NODE). This powerful analytical technique allows for the deriva-
tion of various types of soliton solutions, including bright solitons, kink solitons, and singular
solitons. Each type of soliton represents different physical phenomena and wave behaviors, pro-
viding a comprehensive understanding of the system’s dynamics. The study includes the visual-
ization of the obtained soliton solutions through graphical representations. These visualizations
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help in understanding the spatial and temporal evolution of the solitons and their interaction
with the medium. Furthermore, the study analyzes how changes in the system’s parameters
individually affect the shape, amplitude, and width of the solitons. This parametric analysis is
crucial for predicting and controlling soliton behavior in practical applications. These are the
main distinctive parts and novelties of this study. By deriving and analyzing soliton solutions,
the study provides deeper insights into the nonlinear interactions within the BR and ZR sys-
tem. Understanding these interactions is essential for applications in optical communications,
where solitons can be used to transmit information over long distances without significant loss

or distortion.

Keywords: Optical Solitons; Benney—Roskes System; Zakharov—Rubenchik System; The New

Kudryashov Method; Parameter Effect.

1. INTRODUCTION

The study of nonlinear dynamics and wave interac-
tions has been a central focus in the field of fluid
mechanics and plasma physics, with the Benney—
Roskes (BR) and Zakharov—Rubenchik (ZR) sys-
tems being two important models that have received
significant attention from researchers. The BR and
ZR system is a fundamental model in the study
of nonlinear wave interactions, particularly in the
context of water waves and plasma physics. This
system describes the dynamics of weakly nonlinear
waves, where the nonlinear effects are small com-
pared to the linear wave dynamics. The BR system
of equations was originally derived in the study of
gravity waves by Benney and Roskes.! It describes
the evolution of weakly nonlinear long waves in a
stratified shear flow and has been used to study
phenomena such as the emergence of solitary waves
and the transfer of energy between different scales
of motion.

This system is equivalent to the ZR system,
whose derivation and physical basis are elaborated
in Refs. 2—4. The ZR system, on the other hand, is a
model for the interaction between surface and inter-
nal waves in a fluid with a variable bottom, and has
been used to investigate the dynamics of waves in
oceanographic and geophysical contexts.?

The exploration of the BR and ZR systems is of
significant interest in the literature, particularly due
to their implications in the study of wave dynamics
in various media.>” In this paper, we will investi-
gate a (2 + 1)-dimensional BR and ZR system

iU; + aUyy + €Uy
= (b—wm)|U]*U

0 0
—wU {mat + (mec — d)B} V,

Vo + (1 — ch)Vyy — mVy — 2mcVy,

- {mgt+(mc—d)§y}|m?, (1)

where U(x,y,t) denotes the complex-valued high
frequency function and V' (z,y,t) denotes the real-
valued hydrodynamic potential function. For the
parameters, m represents the Mach number that is
the ratio of the carrier wave’s group velocity to the
speed of sound, € denotes a dispersion constant, d
is associated with the Doppler shift, and w quanti-
fies the coupling intensity with acoustic waves. The
constants a and c are related to the group veloc-
ity, while the parameter b characterizes the self-
interaction of the carrier wave. They are assumed to
be nonzero real numbers throughout this analysis.

Passot et al. simplified the BR/ZR system
by employing the Mach number and a rescaling
approach.” They explored the influence of acous-
tic waves on the self-focusing behavior of high-
frequency waves using the ZR systems. The simpli-
fication made the system more tractable for anal-
ysis, and the study of self-focusing behavior pro-
vided insights into how acoustic waves affect the
concentration of energy in high-frequency waves.
By further simplifying the universal BR/ZR sys-
tem, the Davey—Stewartson system emerges. This
system models the evolution of three-dimensional
(3D) wave packets on water with finite depth.®?
Similarly, the Zakharov system can also be derived
through analogous simplifications as introduced in
Ref. 10, the Zakharov system explains Langmuir
wave propagation in plasma. Haas’ foundational
work introduces the quantum Zakharov equations,
which are the critical framework for understand-
ing the interplay between quantum Langmuir waves
and quantum ion-acoustic waves in electron-ion
electrostatic quantum plasmas.'! Danylenko et al.’s
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study contributes to the understanding of chaotic
regimes and the bifurcations that arise in complex
media, thus enriching the discussion surrounding
wave dynamics initiated by the quantum Zakharov
framework.'? Their work highlights how complex
media can lead to chaotic behavior and bifurca-
tions, which are critical for understanding the tran-
sition from ordered to disordered states in wave
dynamics. Zhang et al. also explored the bifur-
cations and exact traveling wave solutions of the
ZR equation.'® Bifurcation analysis reveals how
small changes in parameters can lead to qualita-
tive changes in the system’s behavior, while exact
traveling wave solutions provide explicit examples
of wave propagation. These results are valuable for
understanding the stability and dynamics of wave
solutions in the ZR system, with potential appli-
cations in nonlinear optics, plasma physics, and
fluid dynamics. Ceballos gave the supersonic limit
for the ZR system.' This work provides insights
into the high-speed dynamics of the ZR system,
which is relevant for applications in plasma physics
and high-energy wave propagation. Dehghan et al.
introduced the radial basis function partition of
unity procedure combined with the reduced-order
method for solving ZR equations.'® The method
is useful for simulating wave dynamics in com-
plex media, enabling researchers to study phenom-
ena that are difficult to analyze analytically. Sim-
ilarly, Orug introduced the radial basis function
finite difference (RBF-FD) method for numerical
simulation of interaction of high and low frequency
waves for ZR equations'® that enhances the abil-
ity to model and analyze wave interactions in non-
linear media, with applications in optics, acoustics,
and plasma physics. Han et al. gave the chaotic
behavior and traveling wave solutions of the frac-
tional stochastic Zakharov system!'’ that extends
the classical Zakharov system to more realistic sce-
narios, providing insights into chaotic dynamics
and wave propagation in stochastic and fractional
media. Saut and Ponce reformulated the BR sys-
tem as a nonlinear Schrédinger equation contain-
ing nonlocal terms and derivatives of the unknown,
studying the local well-posedness of the Cauchy
problem.!® This reformulation allowed for the study
of the local well-posedness of the Cauchy prob-
lem, ensuring that solutions exist, are unique, and
depend continuously on initial data for a short time.
Also Henao proposed the well-posedness and stabil-
ity analysis of standing waves for a 1D-BR system.
This work confirmed that standing wave solutions

Optical Soliton Solution of the BR/ZR Systems

are mathematically well-defined (well-posed) and
analyzed their stability under small perturbations.
Quintero and Cordero studied the nonlinear orbital
instability of standing waves for the BR/ZR sys-
tem in one and two spatial dimensions?? that shows
that small perturbations to standing wave solutions
can grow over time, leading to significant devia-
tions from the original solution. Gonul and Ozemir
employed Lie symmetry analysis and traveling wave
solutions of the system (1).2%2? Lie symmetry anal-
ysis revealed symmetries of the system, which can
simplify the equations or uncover new solutions.
Traveling wave solutions are important for under-
standing wave propagation in nonlinear media.

The structure of the study is as follows: In Sec. 2,
nonlinear ordinary differential equation (NODE) is
derived from system (1). In Sec. 3, the method
used is given briefly. In Sec. 4, results, visualization,
and analyze of effect of parameters are discussed.
Finally, in Sec. 5 conclusion is given.

2. DERIVATION OF THE NODE
FORM OF THE SYSTEM (1)

To find the analytical solution of the system (1), we
first consider a complex wave transform at form:

U(w,y,t) = u(€)e™ 4, V(z,y,1) = v(¢)
Qz,y,t) = —kx + ly + nt + ¢o, (2)
§=x+y—aot,
where u(§) is the real-valued function that repre-
sents amplitude of the soliton and v(§) is the real-
valued hydrodynamic potential function. All other
parameter values in (2) are real constants. Substi-

tuting (2) into system (1), we get the following first
and second equations:

(wm — b)ud + (a + e)u” — (w + ak? + el®)u
= (wma — w(me — d))uv’ (3)
with the constraint equation from the imaginary
part as
2le — 2ak —a=0= a = 2ak — 2le (4)

and

2

(2 — mc? — ma® + 2mca)v”

= 2(mc — ma — d)un, (5)

respectively. If we integrate Eq. (5) with respect to £
and assume the integration constant as zero, we get

2

(2 — me? — ma? + 2mea)v’

= (mc — ma — d)u? (6)
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Fig. 1 The bright soliton depiction of Eq. (18). (a) 3D view of |Uy(z,y,t)[%. (b) 3D view of R(Uy(z,y,t)). (c) 2D view of

|Uy (2, y,t)|? for t =0,1,2.

and so,
p mc—ma —d 9

v

(7)

provided that 2 — mc? — ma? + 2meca = —2 + (a —
c)?m # 0. If we substitute Eq. (7) into Eq. (3), we
obtain the NODE

((a+e)(=2+ (a = c)’m))u”
— ((®b + (—2bc + 2dw)
—2wed + be? + 2w)m + wd? — 2b)u?

= U
2 —mc2 — ma? + 2mca

+ (ak? + el® + n)(=2 + (a — ¢)*m))u = 0.
(8)

In order to ascertain the balancing constant, the
homogeneous balance principle is applied to Eq. (8).

The balance of ? and «” implies the relation 3N =
N + 2, which simplifies to N = 1.

3. THE NEW KUDRYASHOV
METHOD AND ITS
IMPLEMENTATION

We introduce the algorithms of the nKM in this

section.?®24 According to the nKM, the solution of
Eq. (8) is given in the form

N=1

u(€) =Y AR(E) = Ag + ALR(€),

=0
AL £0. (9)
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Fig. 2 The kink soliton depiction of Eq. (19). (a) 3D view of Vi (z,y,0), (b) Contour projection of Vi (z,y,0), (¢) 2D view

of Vi (z,y,t) for t =0,1,2,3.

Here, R(&) is the solution of the following differen-
tial equation:

dR(§)
dg

= VOR(O(1 -0 R3(S)),  (10)

where 9§, 7 are nonzero arbitrary real parameters. It
can be written in the form

4L
R(¢) = AL26% + oot (11)

where L is a nonzero free parameter. Equation (11)
can be shown in the hyperbolic form:

4L
(4L2 + n) cosh(6€) + (4L2 — n) sinh(6€)
(12)

R(¢) =

Equations (11) and (12) result in the bright soliton
when 1 = 4L? as

1
R(€) = - -sech(3¢), (13)
and the singular soliton when 7 = —4L? as
1
R(&) = ﬁcsch((sg). (14)

The application of Egs. (9) to (8), utilizing the prop-
erties of Eq. (10), results in the following algebraic
system of equations, which is derived from the coef-
ficients of R7(¢) for 0 < j < 3:

R —4A((1* + 12(k(k — 20)a + A%b + cl + n)e?
—2(k*(k —1/2)a* 4 k(A3b — 1/2ck
+1/2¢l +n)a — 21/8 4 ((—be + dw) A3) /2
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Fig. 3 The bright soliton type in Fig. 1 and the effect of the parameters a, b, c. (a) Effect of a, (b) Effect of b, (c) Effect of c.

—cn/2)le + a®k* + K*(bA3 — ck + n)d®
— (=c*k/4 + (bc — dw) A3 + cn)ka
+ ((—wed + 1/2bc* + w) A3) /2 + *n/4)m
—el?/2 — ak?/2 + ((wd?/2 — b) A3) /2
—n/2) =0,

RY: —4A (0% + 1M+ 1((K21+2(6% — 1Dk
—16%)a + cl® 4 (3bA2 + n)l — c6%)é?
+ ((=2K31 + (=6% 4 1P)K* 4 2Kk16%)a® + (ck?l
4 (—cl?® + 2(—=3bA% — n)l + c0®)k — cl6*)a
+ 212 /4 4 ((3bA3 + n)c — 3dwA3)l — ¢*5° /4)e
+ (=0%k* + kYa® + (—ck® + (3bAF + n)k?

+cké®)a® + (c*k* /4 + ((—3bA% — n)c
+3dwA)k — ?6%/4)a + ((3bAZ + n)c?) /4
— (3A3wed) /2 + (3A3w)/2)m + ((6% — 1%)e) /2
+((6% — k%)a) /2 + 3(wd? /2 — b) A§ /2
—n/2) =0,

R%: —1240A%(((ka — le — ¢/2)%b + w(adk — edl
—1/2cd 4+ 1/2))m + wd*/4 — b/2) = 0,

R3 . —8A;((31*n6* — 2(((k — 1/2)a — ¢/2)ns>
— A201 /)12 + (((k — 20)a — ¢/2)n(ka — ¢/2)6>
— I(abk 4 1/2dw — 1/2bc) A?)e
+an(ka — ¢/2)*6* + ((bk*a® + k(—be + dw)a
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Fig. 4 The bright soliton type in Fig. 1 and the effect of the parameters d, m, e. (a) Effect of d, (b) Effect of m, (c) Effect
of e.

—wed/2 + b /4 +w/2)AT)/2)m — 6%en /2 + 8acenk?lm — Sacenkl®m + Sce’nl>m
—ad*n/2 + A3(d*w — 2b)/8) = 0. (15) + 8a’nk*mn + 2ac*nk*m — 16aenklmn
+ 2c2enl®m + 8*nl*mn — S8acnkmn

We derive the following solution sets using Maple
2023 symbolic calculation package:?® + 8cenlmn + 2¢2nmn — dank?

5= [ak? + el +n —denl? — dnn))V/?
a-+e Ay =0. (16)

_ 2712 272
A1 = F((4a"bk"m — 8abeklm + 4be”I"m — dabekm So, we gain the solution function of system (1) as

+ dadkmw + 4bcelm — 4delmw + be*m 4AL L # il —ha+ly+nt+60)

— 2cdmw + d*w + 2mw — 2b) /(8ank*m Ulz,,t) = B (17
—16a2enk3im + 8a’enk?1>m + Sae*nk*1>m where
_ 16a62nkl3m + 863?7l4m o 8a20nk3m B = 4L26(5(w+y—(2ak’—2le)t) + ne—5($+y—(2ak—2le)t)’
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Fig. 5 The kink soliton type in Fig. 2 and the effect of the parameters a, b, c. (a) Effect of a, (b) Effect of b, (c) Effect of c.

§ and A; are presented in set (16). For n = 4L
Eq. (17) can be rewritten to yield the following
structure, which gives the bright soliton:

Ui(z,y,t) = %sech(é(az +y — (2ak — 2le)t))

% ei(7k2+ly+nt+¢o)’ (18)
and from Eq. (7) we get the kink soliton:
Vi(z,y,t) = 214[%/21?5 tanh(d(x + y — (2ak — 2le)t)),
(19)
where
D= me = ma — a = 2(ak — le).

2 — mc2 — ma? + 2mea’

On the other hand, for n = —4L?, Eq. (17) is trans-
formed into the form, which represents the singular

soliton pair:

A
Us(z,y,t) = icsch(é(ac +y — (2ak — 2le)t))
% ei(—ka?+ly+nt+¢o)7 (20)
_AB
4126

Va(z,y,t) = coth(d(z +y — (2ak — 2le)t)),

(21)

But in this study, we will concentrate on the graph-
ical representation of bright and kink soliton solu-
tions and effect of their parameters.

4. RESULTS AND DISCUSSION

This section illustrates the graphical representa-
tions of the obtained solution functions and pro-
vides interpretations based on these visualizations.
Before presenting the results derived from Egs. (18)
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Fig. 6 The kink soliton type in Fig. 2 and the effect of the parameters d, m, €. (a) Effect of d, (b) Effect of m, (c) Effect of e.

and (19), it is crucial to ensure that these solutions
satisfy the primary equation under investigation,
represented by Eq. (1). Without this verification,
the solutions and their corresponding graphs would
lack significance.

Once it is confirmed that the solutions satisfy
Eq. (1), the next step is to derive meaningful soli-
tons by selecting suitable parameters. The solutions
provided by Eqgs. (18) and (19) were examined using
the parameter set a = 1, b =1, m =1, ¢ = 1,
n=1,d=1,c=1w=3 k=-1,1=1,
¢o = 0.5. This parameter selection resulted in the
bright soliton form shown in Fig. 1 and the kink soli-
ton form illustrated in Fig. 2. It should be empha-
sized that these parameter values are not the only
possible choices; other parameter configurations can
also yield similar bright and kink soliton forms,

provided a meaningful soliton solution is obtained.
For instance, Fig. 1a depicts a 3D representation of
the function |U;(z,y,0)|?, showcasing a bright soli-
ton. When observed along the z-axis, the right side
covers a smaller flat region compared to the left
skirt. Figure 1b displays a 3D plot of Re(U;(x,y,0))
with a periodic alpha structure, while Fig. 1¢ com-
plements this with a contour representation. Fur-
thermore, Fig. 1d presents a two-dimensional (2D)
plot of |Uj(z,y,t)|? at t = 0 (blue), t = 1 (red),
t = 2 (orange) and ¢t = 3 (purple) that demonstrates
the movement of the bright soliton to the leftover
time.

Figure 2a presents a 3D visualization of the func-
tion Vi(z,y,0), illustrating a kink soliton. When
observed along the z-axis, the soliton features an
asymmetry, with a smaller flat region on the left

2540297-9
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(©)

(d)

Fig. 7 The singular soliton depiction of Egs. (20) and (21) (a) 3D view of |Us(z,y,t)|?, (b) 3D view of Va(z,y,t), (c)
Contour projection of Re(Uz(z,y,0), (d) Contour projection of Va(z,y,0).

compared to the extended upward region on the
right. Figure 2b complements this depiction by pro-
viding a contour plot of the same function. Mean-
while, Fig. 2c showcases a 2D plot of Vi (z,y,t) for
various time instances: ¢ = 0 (blue), t = 1 (red ),
t = 2 (orange), and ¢ = 3 (purple). This plot reveals
the leftward motion of the kink soliton over time.
Figures 3 and 4 explore the behavior of the
|U1(z,y,1)|? bright soliton under the influence of
several parameters: m (Mach number), € (disper-
sion constant), d (Doppler shift), and the group
velocity parameters a and c. The self-interaction
parameter b, associated with the carrier wave, is
also examined. In Fig. 3a, the bright soliton’s shape
is plotted for different values of the group veloc-
ity parameter a (a = 0.25,0.5,0.75,1.00). However,
as a decreases, both the soliton’s amplitude and its

rightward movement diminish. Figure 3b examines
the impact of the self-interaction parameter b with
values b = 0.5,1.0,1.5,2.0. Here, the amplitude of
the bright soliton decreases as b is reduced. A simi-
lar trend is observed in Fig. 3c, where the parameter
¢ is varied with identical values. In Fig. 4a, the influ-
ence of the Doppler shift parameter d (d = 1,2, 3,4)
is depicted. As d increases, the soliton amplitude
grows, although this increase is nonlinear compared
to the linear increments of d. Figure 4b demon-
strates the effect of the Mach number m, showing
that soliton amplitude rises with m, again in a non-
linear fashion. Lastly, in Fig. 4c, the behavior of € is
analogous to that of a: as € decreases, the soliton’s
amplitude and its rightward motion diminish, while
its symmetry about a vertical axis through the peak
remains intact.

2540297-10
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Figure 5 explores the behavior of the kink soli-
ton Vi(z,y,1) depicted in Fig. 2, considering the
same parameters as in Figs. 3 and 4, at t = 1. To
analyze this, Fig. 5a illustrates the kink soliton’s
form for varying values of the group velocity param-
eter a (0.25, 0.5, 0.75, and 1.00). It is evident from
Fig. 5a that the soliton’s amplitude diminishes as
the value of a decreases, and the soliton appears to
shift to the right with smaller a values. Figure 5b
investigates the impact of the carrier wave’s self-
interaction parameter, using the same b values as in
Fig. 3b. Similarly, the amplitude of the kink soliton
decreases with lower b values.

In Fig. 5¢, the behavior of another group veloc-
ity parameter, c, is examined using identical val-
ues to those in Fig. 3. The results mirror the trend
observed for b. Likewise, Fig. 6a presents the effect
of the Doppler shift parameter d, demonstrating
behavior akin to b. However, unlike the bright soli-
ton, the kink soliton’s amplitude increases with ris-
ing d values. This increase, while evident, does not
follow a linear trend, even though d itself increases
linearly.

Figure 6b highlights an intriguing phenomenon:
as the Mach number m decreases, the soliton’s
amplitude increases. However, this relationship also
deviates from linearity. Lastly, the effect of the
parameter € shown in Fig. 6¢ resembles that of a.
The soliton’s amplitude decreases with smaller €
values, accompanied by an apparent rightward shift
of the soliton form.

Figure 7 is the graphical representation of sin-
gular solitons Us(z,y,t) and Va(z,y,t) shown in
Egs. (20) and (21), respectively, but we will not ana-
lyze them in detail.

5. CONCLUSION

This research focuses on deriving soliton solu-
tions for the BR and ZR systems using the new
Kudryashov method. This study begins with the
transformation of the system into a nonlinear
ODE through a complex wave approach. Following
this, various optical soliton solutions are obtained,
including bright, kink, and singular soliton forms.
The bright and kink solitons are illustrated in 3D,
2D, and contour representations. Furthermore, the
impact of specific parameters on the obtained bright
and kink soliton solutions is thoroughly analyzed.
This study aims to deliver a comprehensive and
straightforward understanding of these soliton solu-
tions and their relevance in the field. Considering

Optical Soliton Solution of the BR/ZR Systems

the advancements in modern communication and
internet technologies and the pivotal role of fiber
optic communication, this study highlights the sig-
nificance of exploring different solution forms of the
model. It also underscores the potential for expand-
ing such investigations to encompass higher-order
systems, providing valuable insights for researchers
in this domain. It contributes to the broader field of
nonlinear science by providing exact solutions and
a detailed analysis of the ZR system. The results
have potential applications in designing and opti-
mizing systems that rely on nonlinear wave phe-
nomena, such as fiber optics, water wave dynam-
ics, and plasma wave interactions. For further stud-
ies, one may explore the influence of quantum or
stochastic effects on the soliton dynamics in the
ZR system, particularly in contexts where quantum
fluctuations or noise play a significant role.
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