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a  b  s  t  r  a  c  t

Fractional  Order  Models  (FOM)  of the respiratory  system  have  been  used  in the model-based  analysis
of  the  respiratory  system.  Although  there  are  studies  exploring  the  physiological  correctness  and  fitting
accuracy  of  the  models,  they  are  not  analyzed  in terms  of  interactions  between  parameters,  time-varying
dynamics  and  measurable  signals.  In this  study  we  purpose  to use  state-space  analysis  to  yield  the time-
varying  nature  of the  system  incorporated  by  the parameters,  states  and  output.  We  tested  the  models
eywords:
ractional-order respiratory system models
tate-space analysis
tability analysis
ime-delay systems

for  controllability,  observability  and  stability  characteristics  while  using  the  parameters  found  in  the
literature.  Sufficient  asymptotic  stability  bounds  were  driven  by using  stability  theory  of  the  discrete
time-delay  system.  Results  revealed  that  FOMs  with  estimated  parameters  offer  systems  with  different
characteristics.  Thus,  careful  consideration  must  be given  when  interpreting  estimated  parameters  in
FOMs during  respiratory  tests.

©  2019  Elsevier  Ltd. All  rights  reserved.
. Introduction

FOM of the respiratory system has attracted a great interest
ecause functional and structural properties of the system can
e obtained by a few physically motivated parameters. It has
een shown that well known Maxwell and Kelvin-Voight mod-
ls with integer order differential equations can not model the
tress relaxation of the lung tissue [1], time varying ratio between
ranspulmonary pressure and total lung volume [2] and distributive
elf-similar structure of the system [3] very well. As it is the case for
ll respiratory system modelling approaches, respiratory system is
xcited by the combined sinusoidal pressure at low frequencies and
OM in frequency domain is fit to the measured impedance data.
requency domain version of the FOM is called as Constant Phase
odel (CPM) [4] which is used for the impedance modelling and

ystem parameter estimation.
Both FOM and CPM have been evaluated and reviewed in the

iterature. The aim in the previous studies were to estimate the
odel parameters with lowest fitting error, to classify the diseased

nd healthy parameters and to investigate the power law property
f the respiratory system [5], [6], [7], [8], [9]. In [10] authors ana-

ysed FOMs in terms of structural representation of the respiratory

echanics, whereas applications of the fractional calculus in the
iological systems were investigated in [11]. In [12] statistical anal-

∗ Corresponding author. Tel: +90 212 4984229.
E-mail addresses: esra.saatci@iku.edu.tr (E. Saatci), e.saatci@iku.edu.tr

E. Saatci).

ttps://doi.org/10.1016/j.bspc.2019.101820
746-8094/© 2019 Elsevier Ltd. All rights reserved.
ysis is applied to calculate confidence intervals of the parameters’
estimates. Parameters were estimated by least squares algorithm
from impedance data and parameter variations were estimated by
sample variances and sensitivity matrix. First, in [12], only one
model was fit to the impedance data and combined errors were
assumed to be Gaussian noise. More importantly, estimates of the
parameters influenced the sensitivities in the proposed method and
this made the results oblivious of model-parameter association.
Therefore, we  propose a comprehensive analysis, including estab-
lishing an association between information bearing parameters and
dynamics of the system, performed on the already proposed and
used FOMs of respiratory system. Here, our objective is to explore
FOMs in control systems point of view and answer the following
questions:

1. How unmeasurable dynamics in FOMs are related to the param-
eters?

2. Which of the FOMs are controllable and observable for the esti-
mated parameter values in the literature?

3. Is the asymptotic stability an issue for the estimated parameter
values in FOMs?

To answer the first question, we  see respiratory system as a
complex physical system which consists of mutual interconnec-
tions. Thus our starting point is to propose a state-space modelling

framework where states prescribe a certain dynamical behavior.
The key aspect here is that, in contrast to the CPMs, state-space
model of FOMs neither depends on the frequency response of the
system, nor is restricted to only parameter-system relationship.

https://doi.org/10.1016/j.bspc.2019.101820
http://www.sciencedirect.com/science/journal/17468094
http://www.elsevier.com/locate/bspc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.bspc.2019.101820&domain=pdf
mailto:esra.saatci@iku.edu.tr
mailto:e.saatci@iku.edu.tr
https://doi.org/10.1016/j.bspc.2019.101820
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Table 1
Estimated Parameters and Values in FOMs [14].

Healthy FOM1 FOM2 FOM3 FOM4

R 0.22 0.22 0.06 –
L  – 0.0007 0.029 0.0374
1/C  0 1.36 3.52 2.02
˛  0 0 0.48 0.43
ˇ  0.99 0.99 0 0.79

COPD FOM1 FOM2 FOM3 FOM4

R 0.18 0.26 0.27 –
L  – 0.0009 0.0021 0.015
1/C 1.73  5.20 8.9 2.94
˛  0 0 0.87 0.59
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Fig. 1. Electrical analogy of constant phase model realized by domino ladder circuit.

Table 2
Matrices of State-Space Models

Models FOM1 FOM2 FOM3 FOM4

x (t)

[
X1 (t)
X2 (t)

] [
X1 (t)
X2 (t)

]  [
X1 (t)
X2 (t)

]  [
X1 (t)
X2 (t)

]
y (t) [Q (t)] [Q (t)] [Q (t)] [Q (t)]
u (t) [P (t)]  [P (t)] [P (t)] [P (t)]

A
(

�
)

[
0  1

0
−1
RC

] [
0 1

−1
LC

−R

L

] [
0 1

−1
LC

−R

L

] [
0 1

−1
LC

0
]

B
(

�
)

[
0
1

RC

] [
0
1

LC

] [
0
1

LC

] [
0
1

LC

]

C
(

�
)  [

0 C
] [

0 C
] [

0 C
] [

0 C
]

D
(

�
)

[0] [0] [0] [0]

2.3. Discrete Time State-Space Models of the FOM
ˇ  0.18 0.83 0 0.52

n contrast to earlier methods, this method leads to a set of nat-
ral state variables which are directly suitable for addressing the
arameter-state-system relationships.

Controllability and observability analysis [13] is proposed to
nswer the second question. In this step, our aim is to investigate
hether the parameter values estimated in the previous studies in

OMs lead to significant and meaningful dynamic behaviour in res-
iratory systems. At this stage, we should explain the meaning of
ontrollable and observable models. If the model is not controllable
nd/or observable, either realization of the model is redundant, i.e.
ome states have no relationship to the input or output, or physi-
al system is control deficient, i.e. dynamic variables are not fully
ontrolled by physical actuators.

Finally, we proposed to explore the stability of FOMs by
sing well-known asymptotic Lyapunovs stability theorem for the

ast question. At this stage, discrete-time version of FOMs are
tilized, thus the main source of inspiration is to explore the
tability in discrete time-delay systems. The effort is made to
ddress the derivation of the conditions that lead to stability in
OMs.

. Methods

.1. Constant Phase Models of Respiratory System

CPM of the respiratory system is expressed as a sum of resistive,
nductive and capacitive terms as:

FOM(s) = R + Ls˛ + 1
Csˇ

(1)

here R represents all resistive pressure losses in the airways and
ung parenchyme, L and C are the inertial effects of the airflow in low
requencies and the compliance of the lung respectively. 0 ≤ ˛,  ̌ ≤ 1
re fractional orders obtained from the fractional-order differential
quations of the respiratory system and s is the Laplace variable.

Based on the estimated parameter values in the literature,
our most commonly used version of (1) can be found in [14].
able 1 summarizes the parameter values calculated by the real-
ime signals acquired from both healthy and Chronic Obstructive
ulmonary Disease (COPD) patients. The absence of some param-
ter values implies that the estimated value is too small, hence
espective term can be eliminated from the model. Electrical anal-
gy of these models can be all realized by domino ladder circuit
s shown in Fig. 1, where transfer impedance is Z (s) = Z1 (s) + 1

Y s
1( )
nd Z1 (s) is the sum of resistive and inertial fractional impedance
nd Y1 (s) is the fractional admittance due to the elastic effects.
�

[
ˇ
ˇ

] [
ˇ
1

] [
1
˛

] [
ˇ
˛

]

2.2. Continuous Time State-Space Model of the FOM

If respiratory system is assumed to be continuous time lin-
ear time invariant system, FOM of the respiratory system can be
expressed in the state-space form as [15]:

��
t x (t) = A

(
�
)

x (t) +  B
(

�
)

u (t)

y (t) = C
(

�
)

x (t) +  D
(

�
)

u (t)
(2)

where x (t) ∈ R
n, y (t) ∈ R

m and u (t) ∈ R
r are the state, output

and input vectors respectively. A
(

�
)

∈ R
n×n is the state tran-

sition matrix, B
(

�
)

∈ R
n×r is the input matrix, C

(
�
)

∈ R
m×n is

the output matrix and D
(

�
)

∈ R
m×r is the feed forward matrix.

Model parameters, which are assumed to be time-invariant over
the observation window, are expressed by a parameter vector

� ∈ R
p. � =

[
�1 �2 · · · �n

]T
denotes the fractional order vec-

tor and ��
t x (t) is the �th order fractional derivative of the state

vector x (t). Initial conditions in (2) are assumed to be zero. If
�1 = �2 = · · · = �n = q, the system is called as a commensurate order
system [16]. In case of ordinary linear time invariant systems, frac-
tional orders are all equal to one.

State-space model in (2) can be obtained from all versions of
CPMs in (1) with parameters in Table 1. Application of derivations
given in Appendix A lead to vectors and matrices A

(
�
)

, B
(

�
)

, C
(

�
)

and D
(

�
)

which are summarized in Table 2.
State-space analysis of non-commensurate FOM  is performed
on the discrete time state-space model of (2), because acquired res-
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iratory signals are in discrete form. Grünwald-Letnikov definition
f the fractional derivation is one of the approach to circumvent

 problem of numerical calculations of the fractional derivations
n (2). This approach allows us to compose discrete matrices from
he matrices in (2) easily and ”short memory” issues were already
nvestigated in previous studies [16]. In this study, discretization
teps of FOM by Grünwald-Letnikov definition of the fractional
erivation, found in [16] is utilized to obtain time-delayed state-
pace model of the discrete time non-commensurate FOM:

x (k + 1) = A0
(

�
)

x (k) +
k∑

j=1

Ajx (k − j) + Bd

(
�
)

u (k)

y (k) = C
(

�
)

x (k) + D
(

�
)

u (k)

(3)

here k ∈ Z
+ ∪
{

0
}

is a time index. State transition matrix Aj

(
�
)

an be obtained as follows:
Lets define Ā

(
�
)

whose ith row is calculated by

Ā
(

�
)}

i,∗ = ��i
t

{
A
(

�
)

− In

}
i,∗

here �t is the discrete time step (we assumed �t = 0.01s in the
imulations) and i ∈

{
1, 2, . . .,  n

}
is the state number. In is n × n

dentity matrix. If a diagonal matrix is created by using non-integer

iagonal combinations

(
�i

j

)
as

j = diag

{(
�1

j

)
,

(
�2

j

)
, · · ·
(

�n

j

)}
(4)

here

(
�
j

)
=
{

� (� − 1) · · · (� − j + 1)
j (j  − 1) · · ·1 j  > 0

1 j = 0
, then discrete

tate transition matrix can be obtained as

A0
(

�
)

= Ā
(

�
)

+ ϒ1

Aj = (−1)jϒj+1

(5)

System defined in (3)–(5) is also a linear discrete time-delay sys-
em and in this work it is used for the controllability, observability
nd stability analysis. However first, one should define the solution
f the system as a sum of natural and forced responses respectively.
he complete solution is given as

(k) = Gk

(
�
)

x (0) +
k−1∑
j=0

Gk−1−j

(
�
)

Bd

(
�
)

u (j) (6)

here time varying transition matrix Gk

(
�
)

is given by

G0
(

�
)

= In

Gk

(
�
)

= A0
(

�
)

Gk−1

(
�
)

+
k−1∑
j=1

AjGk−1−j

(
�
) (7)

While proof of the solution given in (6) and (7) can be found
n [16], the complications in the model and the solution should
e explained here. Although respiratory signals are processed in

 M point time window, the upper limit of the sums in (3) and
6) should be limited to the predefined value (K) due to the com-
utational issues (K < M).  Another important observation is that
ransition matrix Gk

(
�
)

in (7) is composed of powers of discrete( ) ( )

tate transition matrix Aj � in (5). This property of Gk � allows
ontrollability and observability tests be computationally effective,
ecause original controllability and observability tests incorporate
atrix power of state transition matrix.
cessing and Control 57 (2020) 101820 3

2.4. Controllability and Observability Analysis

Controllability and observability are two important analysis in
the control systems to test the existence of the solutions for the
given inputs. A system is said to be completely state controllable
if for any ki it is possible to construct a control vector u (k) which
will transfer any given state x (ki) to any final state x

(
kf

)
in a finite

time interval ki ≤ k ≤ kf [17].

Theorem 1. Discrete time non-commensurate fractional order sys-
tem is completely state controllable if and only if there exits a finite
time K such that the composite controllability matrix, PK

(
�
)

∈ R
n×Kr

PK

(
�
)

=
[

G0
(

�
)

Bd

(
�
)

G1
(

�
)

Bd

(
�
)

· · · GK−1
(

�
)

Bd

(
�
)  ]

is of rank n.
A system is said to be completely observable on ki ≤ k ≤ kf if for

every ki and some kf every state x (ki) can be determined from the
knowledge of y (k) on ki ≤ k ≤ kf [17].

Theorem 2. Discrete time non-commensurate fractional order sys-
tem is completely observable if there exits a finite time K such that the
composite observability matrix, OK

(
�
)

∈ R
Km×n

OK

(
�
)

=
[

C
(

�
)

G0
(

�
)

C
(

�
)

G1
(

�
)

· · · C
(

�
)

GK−1
(

�
)  ]T

is of rank n. [∗]T denotes the transpose of a matrix.
Proofs of theorems can be found in [16] and [17]. Theorems 1 and

2 were applied to the fractional order respiratory system models
and controllability and observability matrix ranks were compared
with the number of states. Since constant parameter values (�)
given in the literature were used in the calculations of the matrices,
controllability and observability matrices are time-invariant matri-
ces (see Table 1 for the parameter values, explanations and related
references).

2.4.1. The effect of the maximum time delay (K)
First we  should investigate the effect of the maximum time delay

on the rank of controllability and observability of matrices. Model
equations play a very important role to ensure that the rank of
PK
(

�
)

and OK
(

�
)

are n. First we observe that even though A
(

�
)

is

a low rank matrix (as in FOM1), A0
(

�
)

is full rank, which results in

a full rank time varying transition matrix Gk

(
�
)

in (7). However, it

is not sufficient to have full rank Gk

(
�
)

to satisfy the Theorems 1

and 2. If both Gk

(
�
)

Bd

(
�
)

and C
(

�
)

Gk

(
�
)

result in zero row and
column vectors for every k respectively, regardless of the maximum
time delay, augmented matrices PK

(
�
)

and OK
(

�
)

will have a rank
lower than n.

2.4.2. The effect of the fractional order vector (�)
There is no direct effect of fractional orders to the rank of PK

(
�
)

and OK
(

�
)

, but since the fractional orders in the model (  ̨ and ˇ)
related to the model structure, fractional order vector (�) affects
the rank indirectly.

2.4.3. The effect of the parameters (�)
Parameter values also do not have a direct effect on the rank

of PK
(

�
)

and OK
(

�
)

. However, parameter sensitivities of the con-
trollability and observability matrices with respect to numerical
instabilities of the matrices should be investigated as a future study.
2.5. Stability Analysis

Estimated parameters in biological models may not lead to
stable model solutions, because fitting models to the acquired
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mpedance data with a minimum fitting error does not guaran-
ee the stable dynamic properties of the system. In this case any
xternal and internal perturbations in the states (pressures in res-
iratory system) result in diverged output (airflow). In other words,
ynamic properties of the models become unreliable to indicate
hysiological variations. Thus we propose to analyze the models
ith estimated parameters in terms of stability before any evalua-

ion of the physiological meaning of states. Stability analysis of the
iscrete time-delay system in (3) and (5) can be done by consider-

ng two different type of the stability, namely, asymptotic stability
nd finite time stability. In this work, we focus only on asymptotic
tability and leave the finite time stability for the future work.

efinition 3. Linear discrete time system in (3) and (5) is asymp-
otically stable with respect to

{
Bx, B0, Bu, K

}
, Bx, B0, Bu ∈ R

+,

 ∈ Z,  for each k ≥ 1, any initial condition
∥∥x (0)

∥∥< B0 and any

nput signal
∥∥u (k)

∥∥< Bu if

x (k)
∥∥< Bx

here
∥∥x (k)

∥∥ =
√∑n

i=1

∣∣xi (k)
∣∣2 is Euclidean norm of the state vec-

or.
Basically, the requirement for the asymptotically stable system

s that [18]:

K

j=0

∥∥Aj

(
�
)∥∥< 1 (8)

here discrete state transition matrix is defined as in (5) and

Aj

(
�
)∥∥ =

√
�max

(
AT

j

(
�
)

Aj

(
�
))

and �max (•) are the Euclidean

orm and maximum eigenvalue of the matrix respectively. Condi-
ion in (8) can be obtained by considering the solution in (6) and
efinition of time varying transition matrix in (7). If above require-
ent is evaluated by discrete state transition matrix in (5), one can

nd restrictive stability condition of discrete time fractional order
ystem. In [19] theorem given below was proved for the asymptotic
tability of commensurate FOM given in (3) and (5). However, for
he non-commensurate FOM, the condition is slightly modified.

heorem 4. A system in (3)–(5) is asymptotically stable for all states
t time instant k if the following condition is satisfied for all fractional
rders:

A0
(

�
)∥∥< max

�i

(r (K, �i))

here r (K, �i) =
{

1 �i = 0

�i + � (K  + 2 − �i)
� (K + 2) � (1 − �i)

�i > 0
is called a spec-

ral radius of the matrix A0
(

�
)

.

Proof of Theorem 3: By using the fact that
∥∥A + B

∥∥ ≤
∥∥A
∥∥+
∥∥B
∥∥,

8) can be written as

A0
(

�
)∥∥< 1 −

∥∥∥∥∥∥
K∑

j=1

(−1)jϒj+1

∥∥∥∥∥∥

f the closed form for the above sum is existed, by using partial sums

f general binomial coefficients as
∑k

j=0(−1)j

(
�i

j

)
=
(

k − �i

k

)
�i ∈ R  and k ≥ �i, k ∈ Z

+ ∪
{

0
}

) and by replacing the definition
Fig. 2. r (K, �i) in FOM4.

of ϒj+1 in (4), the upper bond for the matrix norm of A0
(

�
)

can be
written as:∥∥A0

(
�
)∥∥< 1

−
∥∥∥∥In + diag

{
−�1 −

(
k + 1 − �1

k + 1

)
, · · ·, −�n −

(
k + 1 − �n

k + 1

)}∥∥∥∥ (9)

Finally, when Gamma  function is replaced instead of the non-

integer binomial coefficients,

(
K + 1 − �i

K + 1

)
= � (K + 2 − �i)

� (K + 2) � (1 − �i)
spectral radius of the matrix is found as in Theorem 3

Theorem 3 is a special case of one of the matrix metrics defined
in [18] (Theorems 3, 4 and 5) for the non-commensurate FOM.
However, the advantage of Theorem 3 should be also noted that
Theorem 3 is less restrictive than the stability requirement in (8).

2.5.1. The effect of the maximum time delay (K)
Spectral radius (max

�i

(r (K, �i))) of the matrix A0
(

�
)

only

depends on the fractional order � i and maximum time delay K.
In Fig. 2 r (K, �i) is plotted for 1 ≤ K ≤ 200 with a fixed � i in FOM4.
Similar figures were obtained in FOM1, FOM2 and FOM3. We  found
that spectral radius inversely changes by K with a decreasing trend.
In this study we  assumed K = 100, because �(.) function increases
to the level causing the numerical instabilities.

2.5.2. The effect of the fractional order vector (�)
Fractional orders directly affect the spectral radius of the matrix

A0
(

�
)

. To explore the effects, consider the Fig. 3. Fig. 3 shows the
spectral radius versus fractional order for K = 10 and K = 100. From
the figure, it is observed that spectral radius is minimum when
0.2 ≤ � i ≤ 0.4 and decreases when maximum time delay increases.

2.5.3. The effect of the parameters (�)
It should be stated that, parameter values have a direct effect

on the norm of A0
(

�
)

, which is constructed by the state transition
matrix. However, the bound on the stability, which is called as a
spectral radius has no influence on the parameters. This further
means that only model structure and fractional orders can change
the upper bounds of the stability criterion.

3. Results
Before the results, it should be emphasized that, in this study
the state-space analysis is done based on the estimated param-
eter values given in the literature. Therefore, this analysis only
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Fig. 3. r (K, �i) for 0 ≤ � i ≤ 1 and K = 10 K = 100.

Table 3
Controllability and Observability Results

Models Controllability

rank (PK

(
�
)

)

Observability

rank (OK

(
�
)

)

FOM1 Healthy 2 1
COPD 2 1

FOM2 Healthy 2 2
COPD 2 2

FOM3 Healthy 2 2
COPD 2 2

FOM4 Healthy 2 2
COPD 2 2

Table 4
Stability Results

Models Euclidean Norm Spectral Radius Stability∥∥A0

(
�
)∥∥ max

�i

(r (K, �i))

FOM1 Healthy 0.9795 1.0004 YES
COPD 4.4519 0.6154 NO

FOM2 Healthy 2.0865 1.0004 NO
COPD 1.2990 1 NO

FOM3 Healthy 0.7813 1 YES
COPD 1.1228 1 NO

FOM4 Healthy 0.6474 0.8161 YES
COPD 1.1856 0.6556 NO

r
i
w
l
s
b

O

T

m
r

4

p

equires parameter values (Table 1) and model structures given
n (1). Controllability (PK

(
�
)

) and observability (OK
(

�
)

) matrices
ere constructed with the help of Theorems 1 and 2. The control-

ability and observability results are shown in Table 3. As can be
een from the table, results prove that all models, except FOM1 are
oth controllable and observable, because the ranks of PK

(
�
)

and

K
(

�
)

match to the number of the states in the models.
Asymptotic stability analysis were performed according to the

heorem 3. Table 4 shows spectral radius (max
�i

(r (K, �i))) of the

atrix A0
(

�
)

for all models. Norm of the matrix A0
(

�
)

and stability
esults are also given in the same table.
. Discussion

In FOMs input (control) signal is the mouth pressure and out-
ut signal is the total airflow. However states of FOMs do not have
cessing and Control 57 (2020) 101820 5

direct physiological explanations. All elastic pressure related to
the compliance parameter (C) and airflow related to the inertance
parameter (L) are dynamic elements in the models. We  can assume
that X1 (t) and X2 (t) represent the pressure and the airflow related
dynamics in FOMs respectively due to the definitions in the models.

Table 3 shows the results of the controllability and observ-
ability analysis. Results prove that all models, except FOM1 are
both controllable and observable, because the ranks of PK

(
�
)

and

OK
(

�
)

match to the number of the states in the models. First of
all, in section 2.4.3, it is stated that controllability and observ-
ability do not depend on the parameter values, thus they are not
linked to the healthy and diseased conditions. Physiological expla-
nation for the existence of the controllability condition is that
mouth pressure can manipulate time-varying dynamics in res-
piratory system. This further explains that as irrelevant to the
FOM structure, pressure and flows in respiratory system can be
estimated from mouth pressure. On the other hand, absence of
the observability condition was observed in FOM1. Physiological
explanation for this result is that measured airflow alone can-
not affect the time-varying dynamics in the respiratory system,
if it is modelled by FOM1. Also, it is observed that the loss of an
inertance parameter (L) in FOM1 results in unobservable models.
This further means that although structural static properties of
FOM1 is known, it cannot be dynamically identified by the mea-
sured airflow signal. The only remedy for this modelling problem
is to change the model structure by including or excluding the
parameter s.

Discrete-time version of FOMs is the infinite memory time-delay
systems. This is the one of the reasons that FOMs represent the
stress relation of the lung tissue. Controllability and observability
analysis also indicated that the effect of the mouth pressure and
the airflow on the system dynamics is not a function of the memory
of the system. Also, parameter values and fractional orders do not
alter controllability and observability results. It seems that model
structure plays an important role on determination of the mouth
pressure and airflow effects in FOMs.

Table 4 shows the results of the stability analysis. Firstly, con-
servative and sufficient delay-independent stability criterion in (8)
yields that the norm of the indefinite state transition matrix is
responsible for the stability of FOMs. This result is expected and
can be explained by the basic stability theorem in discrete-time
systems. However stability bonds for the FOMs in Theorem 3 is
established as an upper bounds for the stability restriction. This
means that Theorem 3 also bounds the parameter ranges.

Fig. 2 reveals the interesting relationship between the system
memory, which is the maximum time delay and stability bound of
the system. In all FOMs stability bounds decrease more slowly after
K = 100. This is because of the gamma  function. �(K) in the ratio
increases rapidly and at the limit only �(� i) determines the ratio.
This can be seen from Fig. 3 which shows the stability bounds for
different fractional orders. We  observed that fractional orders are
noticeably lower for COPD data. This may  be the reason that COPD
patients data provided non-stable models. On the contrary, all mod-
els except FOM2 are stable models for the parameter values of
healthy subjects. Physiological explanations of the stability results
can be done accordingly. The link between model parameter val-
ues and diseased conditions (airway obstruction, change in tissue
elasticity and morphological changes due to the tissue heterogene-
ity) were already established in recent studies [6], [7] and [8]. Here,
we proved mathematically that lower fractional orders have some
consequences in the stability of FOMs. This result develops the
association between the capabilities of FOMs in the representa-
tion of the respiratory system and the fractional orders. In this
stage, we  are very reluctant to assume a relationship between sta-

bility and pathology in the underlying system, since it needs further
proof.
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. Conclusion

In this study, controllability, observability and stability analy-
is of FOMs were performed by using state-space representation of
he models evaluated by reference values given in the literature.
esults showed that there is an uncontrollable and unobservable
ode in FOM1. Furthermore, stability analysis revealed that all

OPD patients data provided unstable models. Clinical applicabil-
ty of the proposed approach in this study is directly linked to the
pplicability of the fractional order models to the respiratory sys-
em. This study revealed that straight adoption of the estimated
arameters in the clinical studies may  be misleading or subop-
imal due to the model behaviour revealed by the state-space
nalysis of the fractional order models. Thus, careful considera-
ion must be given when interpreting the findings in FOMs during
he respiratory tests. Results indicate that parameters have dif-
erent effects on the models. However, this needs further study
hich may  reveal how the imprecisions in the parameter values

ffect the accuracy of the system dynamics (states and the out-
ut). Finally, results and outcomes of this study provided some

mprovements in the understanding of the models in the litera-
ure.
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ppendix A.

First transfer admittance in (1) can be written as

FOM (s) = 1
ZFOM (s)

= Q (s)
P (s)

= Csˇ

1 + RCsˇ + LCs˛+ˇ
(10)

here P (s) and Q (s) are the mouth pressure and the airflow
hrough mouth respectively. If admittance is decomposed into two
arts by using intermediate variable W (s):

FOM (s) = Q (s)
W (s)

W (s)
P (s)

here parts are Q (s)
W(s) = Csˇ and W(s)

P(s) = 1
1+RCsˇ+LCs˛+ˇ , second part is

ransformed into time domain as:

(t) = W (t) + RC�ˇ
t W (t) + LC�˛+ˇ

t W (t) (11)

hen two equations in time domain are built as:

X1 (t) = W (t)
X2 (t) = �ˇ
t W (t) = �ˇ

t X1 (t)
(12)

here X1 (t) and X2 (t) are states in (2). ˛th order fractional deriva-
ive of X2 (t) can be obtained from (11) and (12) as:
cessing and Control 57 (2020) 101820

�˛
t X2 (t) = − 1

LC
X1 (t) − R

C
X2 (t) + 1

LC
P (t) (13)

Next, first part is transformed into time domain as:

Q (t) = C�ˇ
t W (t) = CX2 (t) (14)

Finally, from (12), (13) and (14) corresponding state-space repre-
sentation is derived:⎡
⎣�ˇ

t X1 (t)

�˛
t X2 (t)

⎤
⎦ =

⎡
⎣ 0 1

−1
LC

−R

C

⎤
⎦
[

X1 (t)

X2 (t)

]
+

⎡
⎣ 0

1
LC

⎤
⎦P (t)

Q (t) =
[

0 C
][X1 (t)

X2 (t)

]
+ [0] P (t)

(15)
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