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On Gaussian Sums over Finite Fields I1

Nese Yelkenkaya™

Abstract
Let F:=GF(q) be a finite field of order q=p® for some s € N, where p is an odd prime, and

trivial irreducible character of the additive group of Fq such that 0<h,,...,h;<p-1;
(h.h)#0,..,0) and  W(B) =" where =k, +k,0+ ...+ k. 0,
0<k ..k, < p—1; e=cos(2 7 /p)+sin (277 /p) and ¢ be the irreducible character of

the multiplicative group F; with £(p')=(=1)' foranyicZ.

In this paper, the values of 7 (') = Zé’(ﬂ)‘{”(ﬂ),x(\)(‘{") = Z‘I’(,B) and

02 pel, Pek
Yo (¥) = Z‘I’(ﬂ) have been detemined for the irreducible additive
Pepk

. . o . . *
character V' =¥ 0.1 » by counting square elements satisfying certain conditions in Fq .

Ozet
p bir tek asal say1 olmak tizere F:=GF(q), mertebesi q=p® olan bir sonlu cisim ve F=F( 6)

olsun; burada seN, F=F, dir. F; =F-{0}=(p) ve K:=(p?) olsun. ¥ = W, . il Fy

nun toplam grubunun  W(f) = &M seklindeki trivial olmayan indirgenemez
karakterini gosterelim; burada 0<h,....h,<p-1; (hy,...,hg) # (0,...,0);
B=k +k,0+..+ k‘ﬂH; 0<k,..k,<p-1, e=cos2 7 /p)y+ isin2 7 /p) dir.

, F ' ¢arpim grubunun ") = (-1 'iez seklindeki indirgenemez karakterini
[I g p

gostersin.

Bu gabsmada 7, ($3¥) = D C(BY(B);  x,(P)= 2 W(B) ve
. 0= pel, ek

Yo ()= Z‘P(ﬂ) nin W' =W, Karakteri igin aldigi degerler, Fq* i¢inde belirli

PepK
kosullari saglayan kare elemanlar sayilarak, hesaplanmustir.

Keyword: Gauss sums.
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Introduction
Let p be an odd prime number and F:=GF(q) be a finite field of order g=p° for
some s € N. Then Fg=F(6) with f(6) = 0, where F=F;

f(x)=Irr(6,x,F) = x*ag x¥ .. +axta 0

is the minimal polynomial of 6 over F. Thus
F~FO®F6®.. ®F6"'

becomes an additive abelian group. F, q* =F4-{0}, the multiplicative group of the field F,
is cyclic of order g-1. Let F, q* = (p) , for some generator p.

F,=KuUpK (disjoint)
where K=(p”). 1:=p"is a generator of F~ where u=(p*-1)/(p- 1).
Let ¥ =, , beanon-trivial irreducible additive character of the additive group Fq
such that 0<h;,...,hs<p-1, (hy,...,hg)#(0,...,0) and

() = gk ’

where B =k, +k,0+..+k 0, 0<k,..k, < p—1; e=cos(2z /p)+isin(27/p). Let &
be the irreducible character of the multiplicative group F, [; with

S(p')=(-1) foranyieZ.
Now define

TN SER WAV Vi)

0+ e,

which is called a Gaussian sum over the field Fq with respectto ¢, ¥ and 6. Let

X, (¥) =Y ¥(P) and y (V)= DY ().

pek PepK

Property 1 (See [1]). 7, = ({,¥) = 0y/g ,x,,(¥) = _%(_a@ +1) and

1 .
Y (W)= _E(G\EH) with o = +7, where

n:{+1,1qul(mod4) ST

+1,if q =3 (mod 4)

we shall keep this notation for 7 throughout this paper.
From now on we fix ¥ =¥, ,, and writez,,, X ,), Y, instead of 7, = (&%),

X, (¥), v, () and we call 7, the normed Gaussian sum over the field Fq with

,,,,,
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Property 2 (Gauss) (See [1]). If s=1then o =17, i.e, Tqy =N\ P >
1 1
X ==+ andy == p +D).

Lemma 1. Let s=2n+1 for some ne N. Then 7, = 04/q , x, = —%(—O'\/g +1),

1 . . 1
Y= —5(01/q +1) is equivalent to u=5(p2" -1, V=-;—p”(ﬁa +p"),
1 _
W:-z— p" (=170 + p") where u, v and w are the numbers of the square elements

0+ f = Zb,@"‘ with b =0, b =1 and b =r respectively and 77 denotes the complex
i=1
conjugate of 7.
Proof. It can be shown by using the same idea in the proof of Lemma 4 in [1].
Lemma 2. Let

n

P/z = {(2’()!}‘1 """ j’n;:l'll""ﬂ'll’ln)e F(z’“l) 2’(2) +2Zﬂ’l‘/'ll + zai/kﬂ’i//uk +Zduu/2 + Zc/klu//uk = l}
i=1

0<j<k<n i=1 1<j<k<n
where aj, cik €F (1< j <k <n);dieF (i=1,...,n) and F***V=Fx.. xF, neN, here the

number of product is 2n+1 times. Then |P,| = p"(p"+1).
Proof. (Induction on n)
1. Letn=1. Then we have the equation,

Jo + 20y +ag Aoy +dy ! =1
defined over F. Then
12| =[{(Zg: 2o 1) € P gty = 0,2, € FY| +[{(Ag, A4y, 11y) € Py g1, # 0,2 € Fi| =

2p+p(p-1)=p(p+1) as required.
2. Assume n=>2 and suppose the claim is true for (n-1). Then

P = {Rgseeos As yeees 1) € By, # 05 Aoty Aoy s My ooy i,y € FY
|{(/10,...,/1”;,ul‘,...,yn) €P iu, =04, € F;(Ay,ss Ay yifyss i, ) € P,H}‘
=(p=Dp"" +p|PL|=p"(p" +1)

any d e<r’ >.

Note: The assertion in Lemma 2 remains true if 1 in the equation, replaced by

Lemma 3. Let s=2n+1, neN. Then the number of square elements S = Zbﬂ"l ,

i=1

. 1
with b= 1 equals Ep" (p" +1).
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Proof. Any element 0= y € F, can be written in the form
n-1 n
y=A,+ 2 40"+ 1,0
i=0 J=1

with (A, A4,,.... 4,5 15, i4,) # (0,0,...,0). Set y? = Zc‘ﬁ"l. Then by making use of

i=1

0 =0""=~a, —a,0—..~a,,0", a, #0; we have
n n
2 2
CA\‘ = X‘0 + 22/1,#, + Zajkﬂ’jluk + Zd//’lz + Zc_jk/u/'/lk
i=] 0<j<k<n =1 1<j<k<n

forsome a,,c, € F (1< j<k<n);d, eF (i=l,...n).If 0#y € F, then y # -y
but > = (=y)*. Then we have

v=an
2

1
ey n +1
5P (p" +1)
with P, defined in Lemma 2.

1
Corollary 4. If s=2n+1, neN then 7, =74/q, X = —5(—77\/; +1),

1
Y= —E(n\/q-+ 1) where

o 4
77:{+1,1fq 1 (mod 4) Sy

+1,if q =3 (mod 4)

Now we shall discuss the remaining case s=2n, neN.

1
Lemma 5. Lets=2n. Then n=1 and o =%1; 7, =04/q ,X = —E(—O'\/E-i— 1),

Y= —%(J,Iq +1) is equivalent to u=2i[(q -p)+o(p —1)\/3] and V=—21—[q - a\/;],
P P

where u and v are the numbers of the square elements 0 # § = Zbﬁ ! with be=0
i=1

and bs=1 respectively.
Proof. It can be shown by using the same idea in the proof of Lemma 8 in [1].
Lemma 6. Let P, = {(1y,A,,.s A3 Hosos i, ) € F2"-{(0,...,0)}:

n-1

n-1
221,;1] + Zajk/l/,uk + Z:af,,u,2 + ch,“u_/,uk =0} where a,,c, eF
=0 =0

0<j<k<n-1 0<j<k<n—1

(0<j<k<n-1);d e€F (i=0,.,n-1) and neN. Then
P — p2)7-]_1+(p_1)pn71 )

n
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Proof. (Induction on n)
1. Letn=1. Then we have the equation

2 Ao Mo +doptg =0
defined over F. Then
IPI= (o 10) € B2 pty =0, 2 € F = {0} + [{(Z 1) € Py 2 g1y # 0} =
(p-D)+(p-1)=2(p-1) as required.
2. Assume n22 and suppose the claim is true for (n-1). Then
|PH' = ‘{(ZO,...,ln_l;yo,...,yw) el iy, #0004, 5 Hysees M, 5 € F}| +
{(Agnein i g ft, ) € Py it = 02, # 04, = 1, =0 forall i=0,1,..,n~ 2|+
‘{(/10,...,1”_];yo,...,un_,) el iy, =04, € Fi(Ayss Ay s Hoseos iy 5) € Pn_l}‘
=(p-Dp ™"’ Pos|= (0-Dp ™ +p-D+p(p ™" -1+(p-1)p " )=

“H(p-Dp

p 2n-1 _1+(p_1)p n-1 )
Lemma 7. Let s=2n, ne N. Then the number u of the square elements

0= p= Zbﬂ"' with bg=0 equals % [p>"-1+(p-1)p"'], where

=1
6‘\ _ 9211 _ _ 0 . 02}1—1 " O
= =—a,-a,0—-..—a,,, , .

- Proof. Any element 0# y € F, can be written in the form
n-1 n-1
y = Z/ft,gn—l—l + Z/ulgnu
1=0 =0

with (Ao A, 5 Mo sees 4,1) # (0,0,...,0). Set y* = Zc,ﬂ'"’. Then we have

i=1
n-1

n-1
c, = Zzﬂ,ﬂ, + Zajk/ljﬂk + Zd,yf + chk,uj,uk =0} for some a ,,c, € F
i=0 0<j<k<n-1 i=0 0<j<k<n-1
(0<j<k<n-1);d eF (i=0,.,n=1).If 02y € F, then y # —y but
7’ =(=y)*. Then we have
1 -1 . .
u= E’Pnl =3 [p> " -1+(p-1)p""], with P, defined in Lemma 6.

Corollary 8. If s=2n, ne N then

1 1
T :\/Z X(S)Z—E(—\/g-*-l), y(5)=—5(\[q'+1).

35



Reference
[1] N.Yelkenkaya, (1996/97)“On Gaussian Sums Over Finite Fields”
Ist.Univ. Fen Fak. Mat. Derg. 55/56 , (1996/97), 85-97.

36



