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Abstract—Non-linear Fisher's equations are solved by theory [22]. It is incorporated as an important constituent
using a spline method based on B-spline in the spacef nonscalar models describing excitable media, e.g., the
direction and finite difference schema in the time directionBelousov-Zhabotinsky reactida3]. In chemical media, the
Numerical results reveal that spline method based on Bfunction u(x,t) is the concentration of the reactant and
spline is implemented and effective. the positive constant: represents the rate of the chemical

reaction. In media of other natures,might be temperature
Keywords: Non-linear Fisher's equations;Finite difference;B- or electric potential.

spline functions;Boundary conditions.

. The mathematical properties of equatioh) have been
1. Introduction studied extensively and there have been numerous discus-

We consider the generalized Fisher’s equation: sions in the literature. The most remarkable summaries have
been provided by Brazhnik and Tysd@4]. One of the
first numerical solutions was presented in literature with a
pseudo-spectral approach. Implicit and explicit finitefedif
a<x<hb, t>0 (1) ences algorithms have been reported by different authors
such as Parekh and Puri and Twizell et al. A Galerkin
finite element method was used by Tang and Weber whereas
Carey and Shef25] employed a least-squares finite element
method. A collocation approach based on WhittakerSs sinc
interpolation function26] was also considered ij27]. Our
solution based on B-spline method. In this paper, we propose
a spline difference scheme to solve €2).

The theory of spline functions is a very active field of
approximation theory and boundary value problems (BVPs),
when numerical aspects are considered. In a series of paper
)y Caglar et al. [2-7] BVPs of order two, third, fourth and

(2, t) = Uge(x,t) + au(z, t)(1 — ul(x,t))

with initial condition
U(:C, 0) = (I)(l‘),
and boundary conditions

u(a,t) = g1(t), u(b,t) = ga(t)
wherea and 3 are constants.

The classic and simplest case of the nonlinear reactior: . : . :
diffusion equation is whers=1. It was suggested by Fisher ifth were solved using third, fourth and sixth-degree sggin

as a deterministic version of a stochastic model for th% The_bpzp_eriss or_ganizzek;j_aﬁ f°|"°WS: B—spligehfunctiohn Ids
spatial spread of a favored gene in a populafiin escribed in Section riefly. In sections 3 the methods

of solution of equation (2) is presented. In section 4 some
numerical result, that are illustrated using MATLAB 7.0,
ug(w,t) = Upe(2,t) + au(z,t)(1 —u(z,t))  are given to clarify the method. Concluding remarks are

a<a<b, >0 @) given in Section 5.

This equation is referred to as the Fisher equation, the
discovery, investigation and analysis of traveling waves i ird. _onli
chemical reactions was first presented by Lut{9érin the 2. Thethird degree B spllnes
last century, the Fisher's equation has became the basis for In this section, third-degree B-splines are used to coasstru
variety of models for spatial spread, for example, in lagist numerical solutions to the Fisher equations discussed in
population growth modelg§10 — 11], flame propagation sections 3 and 4. A detailed description of B-spline funio
[12 — 13], neurophysiology[14], autocatalytic chemical generated by subdivision can be found in [1].
reactions[15 — 17], branching Brownian motion processes Consider equally-spaced knots of a partition
[18], gene-culture waves of advang¢#9], the spread of 7:a =29 <z < .. <z, =0o0n][ab)]. Let $[n] be the
early farming in Europe[20 — 21], and nuclear reactor space of continuously-differentiable, piecewise, thdetyree



polynomials onr. That is, $[~] is the space of third-degree Subsituting (9) in (8) then is obtained as follows
splines onw. Consider the B-splines basis in;[8]. The
third-degree B-splines are defined as

t=0+k
3 0<z<h —kuy +ur —kur(1 —uy) =uo+ kf(z, k) (10)
R 2 2 3 <
Bo(z) = =L 3x° 4+ 12ha* — 12h°x +4h° h <z <2h 5 t=0+2k

607 ) 323 — 24ha? 4+ 60h2z — 44k 2h < x < 3h

) . —ky + us — kug(1 — us) = uy + k z, k 11
—a3 4 12ha? — 48h%x + 64h® 3h <z < 4h 2 2 —kus(l—ug) =wi +kf(2. k) (11)

Bi—1(z) = Bo(z — (i = 1)h), i=2,3,...
t=0+nk

To solve hyperbolic equatio; , B, and B}’ evaluated at —ku, + Up — ktn (1 — up) = un_1 + kf(z,k) (12)
the nodal points are needed. Their coefficients are summ

rized in Table 1. E]’he approximate solution of the equation (10)-(12) are

sought in the form of the B-spline functiogz), it follows
Table 1 that
VALUES OF B; , B} and B}/

Xi | Xit1 Xit2 Xit3 | Xita t=0+k
B; 0 1/6 4/6 1/6 0 " _
B/ | 0 | 3/6h | o6h | 36h | 0 —kSy + 51 — k511 = 81) = uo + kf(w k) (13)
B/ [ 0 | 6/6F | -12/6F | 6/6IF | 0O t =04 2k

—kSy + Sy — kSo(1— So) = uy + kf(x, k) (14)

3. B-spline solutions for the nonlinear
diffusion Fisher’sequation

t=0+nk
In t_his _section_ a splim_e m(_ethod for solving the Fisher —ks;; + Sy — kSu(l = Sp) = un_1 + kf(z, k) (15)
equation is outlined, which is based on the collocation
approach [5]. Let and boundary conditions (3)-(4) can be written as follows
n—1 n—1
S(z) = Y. C;Bj(x) (6) 'ZBCij(O) =0 for z =0, (16)
j=-3 Jj==
be an approximate solution of Eg.(1), wherg; are (. _
unknown real coefficients and3;(x) are third-degree .Z, CiBj(1) =0forz =1, (17)

j=-3
B-spline functions. Letrg, x1, ..., 2, ben + 1 grid points

in the interval [a,b], so that The spline solution of eq.(13) with the boundary

conditions is obtained by solving to the following matrix

equation[see 2,4]. The value of spline functions at the &not
{x;}._, are determined using tablel. Then we can write in
matrix-vector form as follows

x;=a+ih, 1 =0,1,..,n; x0=a,2, =b,h = (b—a)/n.

We consider the convection-diffusion equation (1),

difference schemes for this problem considered as follgwin This leads to the non-linear system of order n + 2 given by

n—1
Z CJBJ(O) =0 for x =0, (18)
LM S — (1 —u) + f(=,1) (7) 7=
n—1
whereAt =k > C;Bj(1)=0forz=1, (19)
j=—3
” n—1 . n—1 n—1
TRttt = k(L= vin) =wit kf(t) @) g S 0B/ ()+ Y CiB(x) —k Y CiBj(a)(1 -
and the initial condition is given in (2) L= =3 =3
> CjBj(x)) =uo + kf(x, k) forz =0,h,2h,..,1

j==3

u(x,0) = f(x) = uo, 9) (20)



Table 1. Comparison of the Numerical solution with the
exact solution at different n and k=0.05

n k =0.05

21 1.5944141x10°
41  4.0001700x10*
61 1.7790142x10*
121 4.4492962x10°
191 1.7748496416

5. Conclusions

A family of B-spline methods has been considered for
the the numerical solution of the Fisher equations . The
Fig. 1 third-degree B-spline has been tested on the Fisher problem

RESULTS FORn = 121,k = 0.05 and have tabulated the maximum absolute errors for

different values of n . As is evident from the numerical
results, the present method approximate the exact solution

very well. Also the numerical results are illustrated in

The approximate solution (8) is obtained by solvingfigures. The implementation of the present method is more

non-linear system using Levenberg-Marquardt optimizetio computational than other numerical techniques.
method [29] and MATLAB 6.5.
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