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Abstract— Non-linear Fisher’s equations are solved by
using a spline method based on B-spline in the space
direction and finite difference schema in the time direction.
Numerical results reveal that spline method based on B-
spline is implemented and effective.
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1. Introduction
We consider the generalized Fisher’s equation:

ut(x, t) = uxx(x, t) + αu(x, t)(1 − uβ(x, t))

a < x < b, t > 0 (1)

with initial condition

u(x, 0) = Φ(x),

and boundary conditions

u(a, t) = g1(t), u(b, t) = g2(t)

whereα andβ are constants.

The classic and simplest case of the nonlinear reaction-
diffusion equation is whenβ=1. It was suggested by Fisher
as a deterministic version of a stochastic model for the
spatial spread of a favored gene in a population[8].

ut(x, t) = uxx(x, t) + αu(x, t)(1 − u(x, t))

a < x < b, t > 0 (2)

This equation is referred to as the Fisher equation, the
discovery, investigation and analysis of traveling waves in
chemical reactions was first presented by Luther[9]. In the
last century, the Fisher’s equation has became the basis fora
variety of models for spatial spread, for example, in logistic
population growth models[10 − 11], flame propagation
[12 − 13], neurophysiology[14], autocatalytic chemical
reactions[15 − 17], branching Brownian motion processes
[18], gene-culture waves of advance[19], the spread of
early farming in Europe[20 − 21], and nuclear reactor

theory [22]. It is incorporated as an important constituent
of nonscalar models describing excitable media, e.g., the
Belousov-Zhabotinsky reaction[23]. In chemical media, the
function u(x, t) is the concentration of the reactant and
the positive constantα represents the rate of the chemical
reaction. In media of other natures,u might be temperature
or electric potential.

The mathematical properties of equation(1) have been
studied extensively and there have been numerous discus-
sions in the literature. The most remarkable summaries have
been provided by Brazhnik and Tyson[24]. One of the
first numerical solutions was presented in literature with a
pseudo-spectral approach. Implicit and explicit finite differ-
ences algorithms have been reported by different authors
such as Parekh and Puri and Twizell et al. A Galerkin
finite element method was used by Tang and Weber whereas
Carey and Shen[25] employed a least-squares finite element
method. A collocation approach based on WhittakerŠs sinc
interpolation function[26] was also considered in[27]. Our
solution based on B-spline method. In this paper, we propose
a spline difference scheme to solve eq.(2).

The theory of spline functions is a very active field of
approximation theory and boundary value problems (BVPs),
when numerical aspects are considered. In a series of paper
by Caglar et al. [2-7] BVPs of order two, third, fourth and
fifth were solved using third, fourth and sixth-degree splines.

The paper is organized as follows: B-spline function is
described in Section 2 briefly. In sections 3 the methods
of solution of equation (2) is presented. In section 4 some
numerical result, that are illustrated using MATLAB 7.0,
are given to clarify the method. Concluding remarks are
given in Section 5.

2. The third-degree B-splines
In this section, third-degree B-splines are used to construct

numerical solutions to the Fisher equations discussed in
sections 3 and 4. A detailed description of B-spline functions
generated by subdivision can be found in [1].

Consider equally-spaced knots of a partition
π : a = x0 < x1 < ... < xn = b on [a,b]. Let S3[π] be the
space of continuously-differentiable, piecewise, third-degree



polynomials onπ. That is, S3[π] is the space of third-degree
splines onπ. Consider the B-splines basis in S3[π]. The
third-degree B-splines are defined as

B0(x) = 1

6h3










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

x3 0 ≤ x < h
−3x3 + 12hx2 − 12h2x + 4h3 h ≤ x < 2h
3x3 − 24hx2 + 60h2x − 44h3 2h ≤ x < 3h
−x3 + 12hx2 − 48h2x + 64h3 3h ≤ x < 4h

(5)

Bi−1(x) = B0(x − (i − 1)h), i = 2, 3, ...

To solve hyperbolic equation,Bi , B′

i and B′′

i evaluated at
the nodal points are needed. Their coefficients are summa-
rized in Table 1.

Table 1

VALUES OFBi , B′

i
and B′′

i

xi xi+1 xi+2 xi+3 xi+4

Bi 0 1/6 4/6 1/6 0
B′

i
0 -3/6h 0/6h 3/6h 0

B′′

i
0 6/6h2 -12/6h2 6/6h2 0

3. B-spline solutions for the nonlinear
diffusion Fisher’s equation

In this section a spline method for solving the Fisher
equation is outlined, which is based on the collocation
approach [5]. Let

S(x) =
n−1
∑

j=−3

CjBj(x) (6)

be an approximate solution of Eq.(1), whereCi are
unknown real coefficients andBj(x) are third-degree
B-spline functions. Letx0, x1, ..., xn be n + 1 grid points
in the interval [a,b], so that

xi = a + ih, i = 0, 1, ..., n ; x0=a, xn = b, h = (b − a)/n.

We consider the convection-diffusion equation (1),

difference schemes for this problem considered as following:

ui+1−ui

∆t
− ∂2u

∂x2 = u(1 − u) + f(x, t) (7)

where∆t = k

−ku
′′

i+1 + ui+1 − kui+1(1 − ui+1) = ui + kf(x, t) (8)

and the initial condition is given in (2)

u(x, 0) = f(x) = u0, (9)

Subsituting (9) in (8) then is obtained as follows

t = 0 + k
−ku

′′

1 + u1 − ku1(1 − u1) = u0 + kf(x, k) (10)

t = 0 + 2k
−ku

′′

2 + u2 − ku2(1 − u2) = u1 + kf(x, k) (11)

. .

. .

. .

t = 0 + nk
−ku

′′

n + un − kun(1 − un) = un−1 + kf(x, k) (12)

The approximate solution of the equation (10)-(12) are
sought in the form of the B-spline functionsS(x), it follows
that

t = 0 + k
−kS

′′

1 + S1 − kS1(1 − S1) = u0 + kf(x, k) (13)

t = 0 + 2k
−kS

′′

2 + S2 − kS2(1 − S2) = u1 + kf(x, k) (14)

. .

. .

. .

t = 0 + nk
−kS

′′

n + Sn − kSn(1 − Sn) = un−1 + kf(x, k) (15)

and boundary conditions (3)-(4) can be written as follows

n−1
∑

j=−3

CjBj(0) = 0 for x = 0, (16)

n−1
∑

j=−3

CjBj(1) = 0 for x = 1 , (17)

The spline solution of eq.(13) with the boundary
conditions is obtained by solving to the following matrix
equation[see 2,4]. The value of spline functions at the knots
{xi}

n

i=0
are determined using table1. Then we can write in

matrix-vector form as follows

This leads to the non-linear system of order n + 2 given by
n−1
∑

j=−3

CjBj(0) = 0 for x = 0, (18)

n−1
∑

j=−3

CjBj(1) = 0 for x = 1 , (19)

−k
n−1
∑

j=−3

CjB
′′

j (x) +
n−1
∑

j=−3

CjBj(x) − k
n−1
∑

j=−3

CjBj(x)(1 −

n−1
∑

j=−3

CjBj(x)) = u0 + kf(x, k) for x = 0, h, 2h, ..., 1

(20)



0
0.2

0.4
0.6

0.8
1

0

0.1

0.2

0.3

0.4
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

xt

Fig. 1

RESULTS FORn = 121,k = 0.05

The approximate solution (8) is obtained by solving
non-linear system using Levenberg-Marquardt optimization
method [29] and MATLAB 6.5.

It is easy to see that, the same approximation is applied the
other equations (14)-(15).

4. Numerical results
In this section, the method discussed in section 2 and 3 is
tested on the following problems from the literature[7], and
absolute error in the analytical solutions are calculated.All
computations were carried out using MATLAB 6.5.

Problem 1.

We consider a 1-D Fisher’s diffusion partial differential
equation

∂u
∂t

− ∂2u
∂x2 = u(1 − u) + f(x, t) , 0 ≤ x ≤ 1 , t > 0 ,

(23)

with the initial conditions,

u(x, 0) = 0 , 0 ≤ x ≤ 1 ,
(24)

and the boundary conditions atx = 0 andx = 1 of the form

u(0, t) = u(1, t) = 0, t ≥ 0 . (25)

The exact solution of this problem isu(t, x) = 0.5tsin2πx
. The observed maximum absolute errors for various values
of n and for a fixed value of k=0.05 are given in Table 1.
The numerical results are illustrated in Figure 1.

Table 1. Comparison of the Numerical solution with the
exact solution at different n and k=0.05

n k = 0.05
21 1.5944141x10−3

41 4.0001700x10−4

61 1.7790142x10−4

121 4.4492962x10−5

191 1.7748496416−5

5. Conclusions
A family of B-spline methods has been considered for
the the numerical solution of the Fisher equations . The
third-degree B-spline has been tested on the Fisher problem,
and have tabulated the maximum absolute errors for
different values of n . As is evident from the numerical
results, the present method approximate the exact solution
very well. Also the numerical results are illustrated in
figures. The implementation of the present method is more
computational than other numerical techniques.
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